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Section 1 
Introduction  

Structural risk analysis is an additional fleet management tool that is increasingly being 

used for decisions regarding the timing and extent of inspection, repair, or replacement mainte- 

nance actions on critical structural details. Structural risk analysis is based on the probability of 

failure in a defined population of structurally significant details. In a fatigue environment, this 

probabilistic evaluation of strength versus stress is dynamic, since strength degrades as fatigue 

cracks initiate and grow. Fracture mechanics provides deterministic tools that predict the growth 

of cracks for fixed stress sequences from an initial size to critical size. By introducing prob- 

abilistic descriptions of the factors that produce different initiating conditions and crack growth in 

the population, the results from deterministic tools can be extended to quantify the degree of 

safety during an operating period. 

The computer program, PRobability Of Fracture (PROF) was written to facilitate the Air 

Force implementation of structural risk analyses. The fracture probabilities from a PROF run 

directly complement the deterministic damage tolerance analyses that form the bases for structural 

maintenance actions. However, there are many structural scenarios that cannot be modeled directly 

by a single PROF run, but can be analyzed through the combination of multiple PROF runs. These 

include the scenarios introduced by widespread fatigue damage and corrosive thinning. While 

these more complex applications of PROF have been demonstrated, they were difficult to imple- 

ment because of the post processing required of the individual PROF runs. Further, to accommodate 

the calculation of failure due to discrete source damage in the presence of widespread fatigue 

damage, a different failure criterion was needed. Therefore, PROF was updated to accommodate 

these calculations and to incorporate more robust computational algorithms. Descriptions of the 

modifications made to PROF are the subject of this report. 

1.1     Background 
The Air Force ensures structural integrity through inspections based on a deterministic 

analysis of the growth of potential monolithic cracks that are assumed to be present in each critical 

location in an airframe. This approach has been successful to date but, on several occasions, struc- 



tural risk analyses were employed to better assess the potential for failures associated with the 

stochastic elements of fatigue cracking [1, 2, 3]. These supplemental analyses impacted decisions 

concerning maintenance (inspection) intervals and the timing of modification actions. Accordingly, 

the Air Force developed the structural risk analysis computer program PRobability Of Fracture 

(PROF), called WinPROF in the Windows version, as a tool to be used by the Air Logistics Centers 

in making decisions related to the timing of maintenance actions in the aging aircraft fleets. 

Failure risks associated with the initiation and growth of fatigue cracks are governed by 

the crack sizes, the loads experienced by the aircraft, the geometry of the structure at the damage 

sites, the scatter in the material properties, and the inspection frequency and capability. Because 

of the stochastic nature of these factors, their joint effects are best described in terms of a prob- 

abilistic model. All of these factors have been incorporated in the PROF computer code, but this 

code is directed primarily at cracking scenarios dominated by a single crack. The basic PROF 

run produces failure probabilities for a single structural geometry based on the Irwin fracture 

criterion. The output of a PROF run comprises a summary of the input conditions, failure prob- 

ability as a function of time, and the distribution of the crack sizes before and after an inspection. 

In the original versions of the program, the output from each run was stored in text (ASCII) files. 

As a fleet ages, however, the need for more complex damage scenarios becomes apparent. 

The potential for widespread fatigue damage (WFD) increases significantly and structural safety 

can no longer be evaluated in terms of a single monolithic crack from a critical location. The inter- 

acting effects of changing stresses and stress intensity factors must be taken into account. Further, 

the possible presence of cracking in adjacent structure can affect fail safety so that the failure 

probability associated with discrete source damage must also be evaluated. 

1.2     Problem Statement/Objectives 

PROF was originally developed to perform probabilistic risk analyses related to the pri- 

mary failure mode of fatigue crack growth in a metallic aging aircraft structure. Since the initial 

development of PROF, other damage scenarios associated with aging aircraft have been identified 

and investigated. The newly-identified risk analysis scenarios include: a) discrete source damage 

in the presence of MSD; b) WFD (both multi-site damage and multi-element damage); and, c) the 



potential effect of corrosive thinning in a fleet. The primary goals of this contract were to develop 

appropriate tools within the PROF analysis system to facilitate probabilistic risk analysis of these 

damage scenarios. Two additional capabilities were added to PROF to accomplish these goals: 

probabilistic risk assessment of discrete source damage and a multi-run data management capa- 

bility. A secondary, but necessary, goal was to modernize the Windows user interface and improve 

the calculation algorithms of the original PROF code. The following subsections provide a gen- 

eral description of the changes to the PROF system. Detailed discussions of these changes comprise 

the major sections of the report. 

1.2.1   Discrete Source Damage 

The discrete source damage (DSD) problem refers to the ability of a structural component 

to perform its fail-safe function in the event that an adjacent structural member fails. The failure 

of the structural member could be caused, for example, by discrete events such as battle damage 

and uncontained engine disk failure, or by fatigue crack growth. The presence of multi-site damage 

(MSD) could degrade the ability of a structural component to carry the additional load when dis- 

crete source damage occurs. Much of the research into the effects of multi-site damage has been 

concerned with the conditions under which many small cracks would link into one large crack. 

However, the degradation of the fail-safe capability would occur long before link-up conditions 

were present. 

The main emphasis in the discrete source damage problem is the conditional probability 

of failure of the fail-safe structure, given that the discrete source damage has occurred. Prior to 

the discrete source damage, the flaw size distribution changes in time exactly as in a standard 

PROF run, since all structure are intact. However, the fracture criterion is different after the dis- 

crete source damage is incurred. The shifting of load due to the loss of a structural element can 

be complex and may not be modeled by the Irwin abrupt fracture criteria. A change in the 

fracture criteria was required to analyze discrete source damage. 

A typical structural analysis of a fail-safe structure in the presence of discrete source 

damage produces the residual strength as a function of crack size. The residual strength calcu- 

lation includes the effects of the complex stress fields caused by the discrete source damage, as 



well as the fracture toughness of the material. This characterization of residual strength results in 

a simpler calculation than a standard PROF analysis, since fracture toughness is not included as a 

random variable. The discrete source damage objective was met by adding a new algorithm to 

PROF to calculate the conditional probability of failure, given that an adjacent structural element 

is in a failed state. Details of this analysis are discussed in Section 3. 

1.2.2   Facilitating Model Complexity 

A single run of PROF produces the probability of failure as a function of flight hours for 

the specific set of fracture mechanics conditions that governed the input to the run. These frac- 

ture mechanics conditions determine the population to which the probability applies. There are 

many applications that require distinct analyses for different or changing structural conditions. 

When the relative frequency of occurrence for the different sets of conditions is known in a 

larger population of interest, the PROF-generated conditional probabilities can be combined to 

provide overall unconditional failure probabilities for the larger population. For example, in multi- 

element damage problems, the failure of one element does not lead to failure of the structure, but 

can impact the stresses on an adjacent element, which could lead to failure of the structure. Each 

sub-population (combination of failed and intact adjacent elements) must be analyzed with a 

separate PROF run. The conditional failure probabilities would then be combined to calculate the 

unconditional probability of fracture for the multi-element structure. 

These more complex scenarios can be analyzed using the original PROF, but considerable 

effort is required to perform the necessary post-processing of the ASCII output files. Since risk 

analyses for a large number of essentially different damage scenarios can be anticipated, the 

objective of facilitating the analyses of MSD and corrosion scenarios was met by incorporating 

an Excel Workbook interface for a multi-run data management capability. The updated PROF 

can perform multiple runs in one analysis and stores the PROF results on pages of an Excel 

Workbook. The analyst has available all of the macro and plotting capability of Excel and can 

easily combine the conditional failure probabilities in accordance with the specific damage scenario 

being analyzed. The approach to analyzing different damage scenarios and an MSD/corrosion 

example are presented in Section 4. 



1.2.3   Update of PROF Computations 

The original PROF code was written about 1990. A third-party user interface was later 

used to add a graphical, Windows front end for application on a personal computer. Since rela- 

tively major changes to the program were to be incorporated for the new capability, the entire 

program was modernized. In particular, a Microsoft application program was substituted for the 

third-party user interface, allowing the use of Windows common dialog boxes. Further, the 

FORTRAN code for performing the calculations was converted to C++. 

The computational algorithms of the original PROF occasionally produced anomalous 

results that were primarily attributed to the integration methodology applied to the tails of the 

input distributions. For example, the original PROF computational algorithm continually updated 

the flaw size distribution table for each calculation of a single flight probability of failure. This 

approach ran quickly, but it also led to the program failing when the crack size distribution got 

too large and to inconsistencies in the calculation of failure probability because of the approach 

for handling the tail of the crack size distribution functions. New algorithms that perform a more 

direct calculation have been incorporated in the updated PROF. The tails of these distribution 

functions were stabilized by converting crack lengths to "ages" through the deterministic crack 

growth function. "Growing" the age distribution is a simple linear shift so that the tail remains 

stable. The age distribution is affected by the shape of the crack growth curve and, in specific 

problems, it was noted that the probability of fracture at time zero was affected by the crack 

growth curve. 

Since the original development of PROF, computing speed has increased dramatically. 

Problems that took up to 30 minutes when PROF was first converted to the PC now take seconds. 

It is now reasonable to use longer algorithms that are intrinsically more stable. The flaw size 

distribution table is no longer updated for each time step. The integral for each time step is per- 

formed over the flaw size distribution at time zero. The crack growth curve is used to project the 

crack size to the current time step to determine the residual strength for each call of the integrand 

• in the numerical quadrature. Complete details of the new algorithms are contained in Section 5 

and Appendix B. 





Section 2 
Previous Versions of PROF 

PROF is a fracture-based risk analysis program for calculating the increasing probabili- 

ties of failure associated with the growing fatigue cracks in metallic structure [4]. The original 

version of PROF was written in FORTRAN and was executed on a VAX 11-780 minicomputer 

under the VMS operating system [5]. PROF was later converted to run in the Windows environ- 

ment on a personal computer and this PC version is referred to as WinPROF [6]. 

PROF was specifically written to interface with the data that is available as a result of ASP, 

Figure 1. Under ASIP, crack life predictions (a versus 7) are available for every known critical 

location. This implies the availability of: a) the flight-by-flight stress spectrum, from which the 

distribution of maximum stress per flight can be obtained; b) stress intensity factors as a function 

of crack size, a versus K/cr, and c) fracture toughness, Kcr, from which a distribution of fracture 

toughness can be inferred. The initiating crack size distribution can be obtained from inspection 

feedback, tear-down inspections, or equivalent initial flaw sizes. Probability of detection as a func- 

tion of crack size, POD(a), is a characterization of the capability of the non-destructive inspection 

system used during the safety inspections. 
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Figure 1. Schematic of PROF 



The starting point of a PROF analysis (time zero) is the fleet flight hour age represented 

by the initiating crack size distribution. PROF uses the deterministic a versus T curve to project 

the percentiles of the initiating crack size distribution as a function of flight hours, Figure 2. At 

defined flight hour increments, the single-flight probability of fracture is calculated from the dis- 

tributions of crack size, maximum stress per flight, and fracture toughness. That is, the single-flight 

fracture probability is the probability that the maximum stress intensity factor (combination of 

the distributions of maximum stress per flight and crack sizes) during the flight exceeds the critical 

stress intensity factor. 

SPECTRUM HOURS -T 

Figure 2. Schematic of Projection of Crack Size Distribution 

At a maintenance cycle, the distribution of crack sizes is changed in accordance with the 

POD(a) function and the equivalent repair crack size distribution. It is assumed that all detected 

cracks are repaired and the equivalent repair crack size distribution accounts for the repaired cracks. 

PROF produces files of both the pre- and post- inspection crack size distributions. The availability 

of these distributions allows changing the analysis conditions at inspection times set by the analyst. 

The a versus T, a versus K/o, and crack size distributions are input to PROF in tabular 

form. Fracture toughness is modeled by a normal distribution and requires values for the mean 

and standard deviation. Maximum stress per flight is modeled by the Gumbel extreme value 

distribution and the parameters of the distribution can be obtained from a fit of either a flight-by- 



flight stress spectrum or an exceedance curve of all of the stresses in the spectrum. The POD(a) 

function is modeled by a cumulative lognormal distribution with parameters \i and a. Fifty per- 

cent of the cracks of size \i would be detected. The parameter, cr, determines the flatness of the 

POD(a) function with smaller values implying steeper POD(a) functions. 

Sensitivity studies have been performed on the application of PROF in representative 

problems [4]. These studies have indicated that, although the absolute magnitudes of the fracture 

probabilities are strongly dependent on the input, relative magnitudes tend to remain consistent 

when factors are varied one at a time. Because of the indefinite nature of some of the input data, 

particularly the crack size information, absolute magnitudes of the fracture probabilities are suspect. 

However, it is believed that relative differences resulting from consistent variations in the better- 

defined input factors are meaningful. 

A single run of PROF analyzes the growth of a crack for a single geometry, including 

crack type and shape. The inspection intervals are set by the analyst, including the possibility for 

an immediate inspection at time zero. The analysis would apply to the population of structural 

details that both have this geometry and are subject to an equivalent stress spectrum. The output 

summary file includes a record of the input file names and parameters, as well as the resulting 

fracture probabilities for a single structural detail, for a single aircraft when there are multiple 

equivalent details, and for the entire fleet. The distributions of the crack sizes before and after 

each inspection are also available. 

In the original PROF and WinPROF, the output from each run was written to an ASCII 

file. More complex problems have been analyzed either by using intermediate crack size distri- 

butions from a previous PROF run or by combining the results from multiple runs. In the original 

PROF, such analyses first require importing the ASCII output files into a spreadsheet and then 

performing the required data processing. This required post-processing is cumbersome. 
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Section 3 
Analysis of Discrete Source Damage 

One goal of the Damage Tolerant Design (DTD) concept is to minimize the possibility of 

catastrophic failure when a partial structural failure occurs. The tools used to achieve this goal 

include crack-stopping structures and redundant load paths. If a partial failure occurs in a damage- 

tolerant structure, neighboring structural elements should be able to sustain the additional load 

through the conclusion of the current mission. The partial structural failure is sometimes referred 

to as Discrete Source Damage (DSD) because anticipated causes of the damage include discrete 

events such as battle damage or an uncontained engine failure. 

Various studies have shown a detrimental effect on damage tolerance in the presence of 

widespread fatigue damage (WFD). Swift [7] provides definitions of concepts associated with 

WFD and illustrations of residual strength calculations for MSD. The Industry Committee on 

WFD published a report [8] that describes susceptible structures and provides guidelines for 

analyzing the effects of WFD. Both of these references point to the loss of residual strength in 

the presence of DSD as a critical concern when multi-site damage is present. 

This section discusses the DSD problem and the analysis capability that has been added 

to PROF to evaluate the impact of MSD in the presence of partial damage. The first subsection 

provides a general description of the objectives for the PROF capability, the second subsection 

describes the analysis approach, and the last subsection describes an example problem. 

3.1    General Problem Statement 
Evaluating the impact of the loss of residual strength due to MSD poses an interesting 

challenge. Any loss of strength would usually result in the component not meeting design speci- 

fications with regard to limit load. However, the design specifications are very conservative so 

that the high load associated with the design is not likely to occur. The goal of DTD is to land the 

plane safely in the event of a partial structural failure. A probabilistic risk assessment can provide 

the single flight probability of failure for a damage-tolerant structure in the presence of DSD. 
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Lincoln [9] proposes the following definition for the onset of WFD: "The onset of wide- 

spread fatigue cracking is that point in the operational life of an aircraft when the damage tolerance 

or fail-safe capability of a structure has been degraded such that, after partial structural failure, 

the probability of failure of the structure does not meet the thresholds specified by the procuring 

(or certification) agency." The probability-based definition combines an engineering analysis of 

the residual strength with the random nature of accumulated damage and load environment to 

provide an evaluation of the likelihood that damage tolerant structure will not fail in the event of 

partial structural failure. 

In keeping with this definition, an appropriate measure of the severity of WFD in a struc- 

tural element is the conditional probability of failure, given that discrete source damage has 

occurred in a neighboring structural element. This conditional probability should be calculated as 

a function of time in service to determine the onset of WFD. The goal of the DSD module in the 

PROF system is to estimate the conditional probability of failure, given that DSD has occurred, 

based on the same assumptions used in the basic PROF calculation for generalized cracking. 

The assumptions for the DSD module include the availability of the basic ASIP data for 

the structure, i.e., an anticipated load spectrum, a fracture mechanics analysis, and a crack growth 

curve under the anticipated usage. Also, it is assumed that there is some information about the 

current crack size distribution and the probability of detection function and repair quality if 

inspection intervals are included in the analysis. In addition to the usual data requirements for a 

standard PROF analysis, the DSD analysis requires an evaluation of the residual strength in the 

presence of partial structural failure. 

Swift [7] describes the procedures for determining residual strength in the presence of 

discrete source damage for a number of representative aircraft skin structures. Figure 3 contains 

an example from Swift's paper dealing with a two-bay longitudinal crack in an aircraft fuselage. 

The x axis is the size of the lead crack, which is the two-bay crack. The residual strength with the 

two-bay crack present is represented by the three parallel curves, each of which is based on a 

different length for the MSD crack. 
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Fi'gwre 3. Illustration of Residual Strength Calculation from Swift [7] 

With the addition of the residual strength analysis, the computations for the conditional 

probability of failure, given partial structural failure, are actually less complicated than a standard 

PROF analysis. A PROF analysis of generalized cracking assumes a normal distribution for mate- 

rial fracture toughness, which adds a dimension to the integral that determines the probability of 

fracture. The residual strength analysis for DSD is generally too complicated to allow inclusion 

of the variability in fracture toughness. This is not seen to be a liability, because experience has 

shown the variability in fracture toughness to be a second-order effect in DSD analyses. The next 

section provides some details about the calculations performed in a DSD analysis. 

3.2    Details of the Approach 
The goal in analyzing the effect of WFD in the DSD problem is to evaluate the ability of 

the structure to complete the current mission when a partial structural failure occurs. This 

analysis is aimed at one of two or more structural details that interact by providing a fail-safe 

capability in the event that one or more of the structural details has failed. The evaluation will 

use the conditional single-flight probability of failure, given that DSD is present as the measure 

of this ability. The prototype for this analysis is the ability of the structure to survive the sudden 

appearance of a two-bay crack in the fuselage or wing skin. 
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The two-bay crack is a crack that spans two bays in the skin, including the stringer or 

frame between the two bays. The size of two bays is considered an upper bound on the damage 

that would directly result from penetration of an engine blade thrown from the engine in an uncon- 

tained failure or from battle damage. The concern in this damage scenario is whether the crack- 

stopping structures on either side of the damage will hold through the remainder of the mission. 

The conditional probability that the crack-stopping structure will fail, given that the DSD has 

occurred, provides a measure of the ability of the structure to complete the mission. 

Since the flaw size distribution changes in time, the PROF DSD analysis should be 

calculated as a function of time. The presence of DSD only affects the structure during the flight 

in which it occurs. Therefore, the same model of the growing crack size population that is used 

in a standard PROF analysis can be used to assess the influence of aging on the conditional 

probability of failure given DSD. The details of the crack growth model are given in [4]. Because 

of its severity, DSD, will be detected and repaired before the next flight so that a model of crack 

growth in the presence of DSD is unnecessary. 

The complexity of the load patterns in the presence of DSD would often prohibit the use 

of the Irwin abrupt fracture criteria for failure. A typical engineering analysis of a structure in the 

presence of DSD would provide the residual strength (based on average material properties) as a 

function of the crack size in the remaining structural components. The data requirements for the 

PROF DSD analysis have been changed accordingly. The variability in fracture toughness is no 

longer used and the geometry curve has been replaced by the residual strength curve. 

The crack sizes that can influence residual strength in the presence of DSD are typically 

below the current capability of field NDI. Consequently, a PROF DSD analysis would not usu- 

ally include multiple inspection intervals. The capability to analyze multiple inspection intervals 

has been retained, however, because the structure was already in the code. The user must supply 

parameters for the POD function even if inspections are not included in the analysis. 
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The computation of the single-flight probability of failure for the DSD analysis is similar 

to the standard PROF analysis. Let cR(a) represent the residual strength, in the presence of DSD, 

as a function of crack length. Then the single-flight probability of failure given DSD is given by: 

SFPOD(f ID) = J /, (a) * H ( o(a))da, (1) 

where ft(a) is the probability density function of flaw size at time t and H(<7) is the peak load 

exceedance probability. The main differences are the elimination of the integral across the frac- 

ture toughness distribution and the replacement of the functional determination of residual strength 

based on the geometry curve with a table look-up of residual strength. 

Equation 1 is actually a double integral of the joint distribution of crack length and peak 

stress since H(o) is the integral of the probability density function of peak stress from G to 

infinity. Figure 4 shows an illustration of the joint density of crack length and peak stress. The 

curved line across the surface represents the residual strength as a function of crack length. The 

integral in Equation 1 is the volume under the joint density over the region where stress exceeds 

residual strength; which is the region labeled "Failure" in the plot. 

joint pdf 

■gß*' crack length 

Stress 

Figure 4. Plot of the Joint Probability Density Function of Crack Length and Peak Stress 

The output of the PROF DSD analysis includes a table and a plot of the conditional 

single-flight probability of failure, given that DSD has occurred as a function of time. The over- 
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all probability of fracture is the product of the probability of discrete source damage and the 

conditional probability of failure given DSD has occurred. For a given type of aircraft, there will 

be a maximum allowable probability of fracture and some estimate of the likelihood of discrete 

source damage. The maximum allowable conditional probability of failure, given DSD, is the 

maximum allowable overall probability of failure divided by the probability of discrete source 

damage. The estimated onset of WFD can then be determined from the time at which the condi- 

tional probability of failure reaches the maximum allowable in the PROF DSD analysis output. 

An example application is given in the following section. 

3.3    Example 

The data from the B-707 teardown inspection performed as part of the JSTARS assess- 

ment will be used to illustrate the procedures for an analysis of the impact of WFD on the fail 

safety in the presence of DSD. A detailed description of the data and the problems associated 

with using the B-707 for the JSTARS was given by Lincoln [10]. The example presented here 

centers on the fail-safety capability of stringer 7 in the lower wing skin after stringer 8 and the 

adjacent wing panels have failed. 

Figure 5 contains a schematic of the B707 wing. The left half of Figure 5 shows the entire 

structure and the location of stringer 8 (S8). A cross-section of the skin and stringers is shown in 

the right half of Figure 5. The example will analyze the effect of a break in stringer 8 and the 

adjacent skins on the large adjacent stringer S7. 
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Stringer S18- 
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Panel «4 
Panel #5 

Adjacent Stringers Splicing Stringer 

S5 S6 S7 S8      V   S9 S10 S11 

~H II! r*"  Vower Surface mm 
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Figure 5. Schematic of the B-707 Wing and Side View of the Skin and Stringer Structure. 
Taken from Lincoln [10]. 
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The data were collected and the structural analyses were performed by Boeing under an 

Air Force contract [11]. The data and analysis results were delivered in a series of letter reports 

and in Excel spreadsheets. The data used for this example were extracted from the spreadsheets. 

The structural analyses relevant to the DSD analysis include the crack growth curve, the 

stress exceedance data in the presence of DSD and the residual strength of stringer 7 in the 

presence of DSD. Figure 6 contains a plot of the crack growth curve; which was determined for 

intact structure under normal conditions. The DSD analysis is not concerned with crack growth 

in the presence of DSD because it is assumed that the DSD will be detected and repaired before 

the next flight. 
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Figure 6. Crack Growth Curve for Stringer 7 with All Structure Intact 

Figure 7 illustrates the analysis of the peak load distribution from the exceedance data. 

The basis for the exceedance data is the spectrum used to generate the crack growth curve. The 

stresses were transformed to account for the damage to stringer 8 and the adjacent panels to get 

the empirical stress versus exceedance probability illustrated by the points in Figure 7. The 

straight line represents the Gumbel distribution that was fit to the data. 
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Figure 7. Peak Stress Distribution with DSD Present 

The residual strength function is plotted in Figure 8. The shape of the stringer is respon- 

sible for the flat region in the residual strength function. The residual strength function was derived 

primarily from the stress intensity curve for the stringer. Modifications from the Irwin criterion 

were required at low crack lengths and at the flat region in the middle of the curve. At low crack 

lengths, the Irwin criterion would push the residual strength to infinity, so it was necessary to 

truncate the residual strength function to the maximum material strength. The stress intensity 

factor actually dips between 0.5 and 1.5 inches because of the shape of the stringer. The residual 

strength does not, however, increase, resulting in the flat region in the residual strength function. 
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Figure 8. Residual Strength as a Function of Crack Length in Stringer 7 
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The analysis was performed for two different initial crack length distributions. The crack 

length data were collected from an aircraft with 57,382 flight hours. The single-flight probability 

of failure is unacceptably high for the distribution seen in the teardown data. Since many of the 

JSTARS aircraft will have fewer hours, the distribution was adjusted to an age of 40,000 flight 

hours. The two-crack length distribution functions are illustrated in Figure 9. A lognormal distri- 

bution was fit to the upper tail of the teardown data and the time adjustment was made by back 

extrapolating the percentiles from the 57,382 distribution using the crack growth curve. 
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Figure 9. Comparison of the Flaw Size Density Function at 40,000 Hours 
with the Density Function at 57,382 Hours 

The results of two different PROF DSD analyses are plotted in Figure 10. The solid line 

represents the analysis using the flaw size distribution from the 57,382-hour aircraft as the start- 

ing point. The dashed line plots the results from using the flaw size distribution adjusted to a 

40,000-hour aircraft. The two curves show close agreement in the overlap; however, some differ- 

ence is expected since the time points at which calculations are made do not coincide from the 

two analyses. 
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Lincoln [10] cited 10"7 as the desirable overall single-flight probability of failure and an 

estimated probability of DSD as 10"3. The resultant requirement for the fail-safe capability of 

stringer 7 is 10"4. Clearly, the aircraft at 57,382 hours does not meet this requirement. Starting at 

40,000 hours, an aircraft will have approximately 16,000 hours before the conditional single- 

flight probability of failure exceeds the 10"4 requirement. 
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Figure 10. Comparison of Single-Flight Probability of Failure Starting 
from 57,382 Hours versus 40,000 Hours 

The use of the PROF DSD analysis module has been illustrated using data from the B-707 

JSTARS aircraft. The problem of evaluating the fail safety capability of lower wing stringers in 

the B-707 is an example of the prototype DSD analysis. The essential elements that make a prob- 

lem suitable for the PROF DSD module are: 

1) interest in the conditional probability of failure, given that adjacent structural elements 

have failed, 

2) the likelihood of failure is increased by the presence of MSD, 

3) a prediction of the growth of MSD cracks with time is available, and 

4) an analysis of residual strength as a function of MSD crack size is available. 
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Section 4 
Multi-Run Data Management 

A single run of PROF produces failure probabilities for the specific population of details 

being modeled by the geometry and anticipated stresses of the deterministic crack growth model. 

For example, regions of equivalent stress and geometries are often identified for stress raisers in 

a fleet of aircraft. When the initiating crack size distribution is representative of all cracks that are 

present in the stress raisers in the fleet, the failure probabilities would be applicable to a randomly 

selected airframe from the fleet. There are many structural details for which this calculation is 

directly relevant and, in fact, decisions to change inspection schedules have been influenced by 

such risk calculations. However, there are also many structural details for which the conditions 

are not constant across an entire fleet and the effect of these conditions can be modeled through 

multiple runs of PROF. When multiple runs are required to adequately model a structure, a 

method is needed for conveniently managing the data from the multiple runs. This management 

capability was added to PROF by the introduction of an Excel interface. This section presents the 

general framework for an analysis of multiple run data that can be applied to many distinct 

cracking scenarios. Examples are presented for two problems of current interest. 

4.1     General Analysis Framework 

Many risk analysis scenarios can be formulated in the following analysis framework. The 

total population of details is divided into sub-populations of equivalent material, stresses and 

geometries, i.e., into sub-populations of equivalent crack growth properties. Conditional failure 

probabilities are then calculated for each sub-population. The conditional probabilities can be 

directly interpreted in terms of the sub-population represented by the conditions. However, when 

the relative frequencies of occurrence (probabilities) of the conditions are also known, the con- 

ditional fracture probabilities can be combined to provide an overall (unconditional) fracture 

probability as a function of time. This calculation is given by 

POF(T) = I POF(T/Q) • P(Ci) (2) 

where POF(T/C,) is the probability of failure at T, given that condition C, was used to determine 

the crack life of the structure and P(Ct) is the probability that condition C, applies, £P(Ct) = 1. 
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The general formulation expressed by Equation (2) can be applied to many risk analysis 

scenarios as determined by the definition of the structural conditions, Q. Three examples of such 

scenarios would be as follows: 

a) A fighter aircraft will experience a random mix of different missions, each of which 

has a distinct expected stress sequence. The sub-populations would be defined by mis- 

sion type and a separate PROF run would be made for each. The overall risk to a 

randomly-selected aircraft of the fleet would be a weighted average of the risks from 

the individual missions where the weights, P(Ci), are the proportion of flights 

expected to be flown in each mission type. 

b) The life of a particular lapjoint is determined by the initiation and growth of a lead 

crack. However, the stress intensity factor for the lead crack depends on whether one 

or two cracks emanate simultaneously from the same hole. Further, there are different 

degrees of corrosive thinning in the aircraft of the fleet. A PROF risk analysis would 

be performed to obtain the conditional failure probabilities for each combination of 

single or double lead crack and levels of corrosive thinning. The weighting factors, 

P(Cj), for the calculation of the unconditional failure probability for a random aircraft 

would be obtained from both the distribution of corrosive thinning at the lapjoint and 

an estimate of the proportion of times the lead cracks initiate as single or double cracks. 

This MSD/corrosion example is discussed in Subsection 4.2. 

c) A structural subsystem comprises three elements: a beam cap, a splice fitting, and a 

chordwise joint. The subsystem fails only when the chordwise joint fails. However, 

the stress levels on the chordwise joint are dependent on the failed or intact status of 

the beam cap and the splice fitting. Further, the stresses on the splice fitting increase 

if the beam cap is failed. A PROF risk analysis for this reasonably complex multi- 

element damage scenario can be performed by combining PROF runs of all the distinct 

and relevant combinations of intact and failed structural elements. The weighting fac- 

tors for combining the individual runs would be obtained from the PROF output of 

some of the runs. This Multi-Element Damage example is further discussed in 

Subsection 4.3. 
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These examples represent only three of the large number of possible scenarios that might 

require analysis. However, combining multiple PROF runs through Equation (2) is a common 

thread for all of these essentially distinct problems. To facilitate the implementation of Equation (2), 

the PROF code was modified to interface with an Excel workbook. Multiple runs are set up on 

an input sheet and a single execution of PROF performs the analyses for all of the runs. The 

complete output from each run is stored on a separate sheet. (The complete output from a single 

run comprises the probability of failure as a function of time at ten equally-spaced increments in 

the specified inspection intervals and the crack size distributions before and after each inspec- 

tion.) A "Results" sheet containing only the fracture probabilities from the runs is also generated. 

Output data management and plotting are now easily accomplished using standard Excel features. 

Consideration was given to the inclusion of macros in the Excel spreadsheet to combine the 

failure probabilities for selected scenarios. Because of the large number of possible scenarios and 

the broad spectrum of potential outputs, macros were not added. The calculations performed in Excel 

are quite straightforward when the analyst understands the particular conditional probabilities being 

combined. The lack of macros should present no difficulties and may prevent misapplications. 

The following two subsections present examples of the use of PROF for the Lap Joint 

MSD/Corrosion example and the Multi-Element Damage example that were discussed above. The 

multiple missions example would be analogous to, but simpler than, the MSD/Corrosion example. 

4.2    Lap Joint MSD/Corrosion Example 

The example risk analysis of a lap joint with MSD and corrosion that will be discussed in 

this report is based on data from a specimen that is representative of a fuselage lap joint. The lap 

joint specimens had been used in a fatigue test program by Carleton University and the National 

Research Council (NRC) of Canada [12, 13]. Crack growth predictions for the specimens were 

performed as part of a program to develop an analytical corrosion damage assessment framework 

and the specimen test data were used to verify the predictions [14]. The example is presented to 

demonstrate the risk analysis methodology. 
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The specimen, Figure 11, is constructed of two 1 mm sheets of 2024-T3 clad aluminum 

with three rows of 4 mm 2117-T4 rivets (MS20426AD5-5). The rivet pattern has 25.4 mm pitch 

and row spacing with an edge margin of 9.1 mm. The test specimens were 25.4 cm wide with 8 

fasteners in each row across the width. 
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Figure 11. Schematic of Lap Joint Specimen 

Constant amplitude fatigue tests had been conducted at Carleton University on the lap 

joint specimens in non-corroded and corroded conditions with a constant amplitude far field stress 

of 88.9 MPa with R = 0.2. Details of the test procedure and resulting fatigue crack growth data are 

presented in [13]. Nine non-corroded specimens were tested to failure to provide baseline data for 

comparison with corrosion specimens. Only data from these non-corroded baseline specimen tests 

are used in this example. Histories of crack size versus cycles for all cracks that initiated in the top 

row of rivet holes were recorded during the tests and were available for analysis. Examination of the 

histories showed that 95 percent or more of the joint life was expended when the lead crack reached 

about 9 mm and crack growth became unstable. Further, lead cracks initiated in accordance with 

two dominant scenarios. Scenario 1 is defined as a single crack originating from one side of a central 

hole. Scenario 2 is defined as approximately simultaneous, diametric cracks originating from both 

sides of a central hole. Subsequent analysis showed significantly shorter lives for the double initial 

cracks. Analysis also showed that assuming both cracks were of equal size produced only 5 per- 
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cent shorter lives than assuming one crack was twice the size of the second. Consequently, the 

assumptions were made that: a) joint life is determined by the initiation and growth of lead cracks 

that originate by one of two scenarios; b) the cracks are of equal size in the double crack scenario, 

and, c) the panel is essentially failed when the lead crack reaches 9 mm. 

Because first cracks were simultaneously discovered in different holes in four of the nine 

data sets, there were a total of 13 lead cracks. Eight were from Scenario 1 and five were from 

Scenario 2. For this population of structural elements, it was assumed that probability of a 

randomly-selected lap joint having a Scenario 1 lead crack was 8/13 and the probability of a 

randomly-selected lap joint having a Scenario 2 lead crack was 5/13. 

Crack growth analyses were performed for both scenarios [15]. Stress analysis was 

performed using FRANC2D/L, a finite element, fracture mechanics analysis code with crack 

propagation capability [16,17]. The resulting crack tip stress intensity factor values as a function 

of crack size were then input to the crack growth code AFGROW [18] for selected degrees of 

corrosion severity. The no-corrosion, constant amplitude peak stress of the baseline fatigue tests 

and crack growth analyses was 88.9 MPa with an R ratio of 0.2. Predicted cyclic life from 

0.25 mm to 9 mm averaged about 30 percent more than the test data. 

Corrosion severity was modeled in terms of percent of thinning with the attendant increase 

in stress. To reflect corrosion severity, crack growth predictions were made for the somewhat arbi- 

trarily selected levels of 0, 2, 5, 8, and 10 percent corrosive thinning by proportionate adjustments 

of the stress levels. 

For the specimen conditions being modeled, the population of lap joint specimens has 

been divided into sub-populations based on combinations of two MSD scenarios and five corrosion 

severity levels. Cracking occurred in the two dominant MSD scenarios whose influence on crack 

growth was exhibited through the stress intensity factor. Corrosion severity was characterized by 

the metric of uniform thickness loss whose influence on crack growth is exhibited through the 

experienced stress levels. Each combination of MSD scenario and thickness loss produces a 

different crack growth analysis so that each combination must be individually analyzed in the 

risk analysis. 
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Dominant MSD 

Corrosion 
Severity 

Proportion 
of Joints 

Scenario 1 
Pi 

Scenario 2 
P2 Composite over MSD 

Thickness Loss 1 qi POFn(T) POF21(T) PlPOF„(T)+p2POF21(T) 

Thickness Loss 2 qa POF12(T) POF22(T) PiPOF12(T)+p2POF22(T) 

Thickness Loss 3 qs POF13(T) POF23(T) PlPOFi3(T)+p2POF23(T) 

Thickness Loss 4 q4 POF14(T) POF24(T) PlPOF14(T)+p2POF24(T) 

Thickness Loss 5 qs POF15(T) POF25(T) PlPOF15(T)+p2POF25(T) 

POFij(T)= POF(T/Si,Lj) = Probability of failure for Scenario i, Thickness Loss j 
Pi        = Proportion of lap joints with crack initiating under Scenario i 
qy        = Proportion of lap joints with uniform thickness loss at level j 

Figure 12. Conditional Failure Probabilities for 2 MSD Scenarios 
and 5 Levels of Uniform Thickness Loss 

Figure 12 illustrates the partitioning of the total population of the lap joints into the ten sub- 

populations. Every lap joint must fit into one of the sets of conditions defined by MSD scenario 

and thickness loss. The probability that cracks will initiate under Scenarios 1 and 2 are pi (=8/13) 

and/?2 (=5/13), respectively. The probability that a randomly-selected lap joint will have uniform 

thickness loss level j is %. POF(T/Si,Lj) = POFyfT) is the probability of fracture as a function of 

time for the combination of MSD Scenario i and Thickness Loss j. The calculation of the uncon- 

ditional probability of failure for a random lap joint in the fleet for each corrosion severity level 

is shown in the last column. An analogous calculation could be performed across severity levels 

to obtain composite failure probabilities for each MSD scenario. 

An interpretation of the corrosion effects can be made directly from the PROF output. If 

an estimate of the distribution of thickness loss in the fleet is also available, the results of the 

individual runs of PROF can be combined using Equation (1) to provide an overall fracture 

probability for a randomly-selected detail. Further, the distribution of time to reach a fixed frac- 

ture probability can be inferred from the percentiles associated with the corrosion severity levels. 

These analyses will be demonstrated for corrosion in a representative lap joint. 
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It is realized that the risk analysis discussed herein does not account for the stress levels 

increasing as a result of increasing corrosion over the analysis period. At present, there are no 

accepted models for the corrosion damage growth (thickness loss) as a function of time so that the 

crack growth calculations are based on the state of corrosion at the beginning of the analysis 

interval. In reality, the stresses in the spectrum should be slowly increasing. If this effect could be 

accounted for in the deterministic analysis, the crack growth data input to PROF would reflect the 

change. However, the peak stress distribution would need to be made more severe at discrete 

increments. This added complexity could also be introduced by adding the additional level of 

conditioning and performing multiple PROF runs for each of the other ten conditions. This added 

level of conditioning provides insight into the total number of different runs that might be required 

to completely analyze a structure. 

It might be noted that in the lap joint example of this paper, the peak stress distribution had 

no effect on the failure probability. The failure of the joint specimen was determined by reaching 

an unstable crack growth state when the lead crack reached 9 mm, a size far below the critical 

crack size for the applied far field stress. 

4.2.1   MSD/Corrosion Example PROF Input 

The risk analysis for the lap joint corrosion example requires ten individual runs of PROF - 

two MSD scenarios and five stress levels for each of the MSD scenarios. The most significant 

inputs for the runs of this lap joint example are the crack growth projections and the initial crack 

size distribution. The other PROF inputs that reflect the changes between runs are the table of 

stress intensity factor divided by stress (K/o) as a function of crack size and the distribution of 

peak stresses. These were changed between runs even though they had no affect on the results. 

K/o came from the FRANC2D/L analysis. The peak stress distribution was estimated by a 

Gumbel extreme value distribution that had a mean at the appropriate constant amplitude level 

and a very small standard deviation to reflect the constant amplitude nature of the tests. Fracture 

toughness for the specimen was assumed to be normally distributed, with a mean and standard 

deviation of 152 and 11.4 MpaVm, respectively. Because the example being modeled does not 

include inspection and repair cycles, reasonable, but arbitrary, data were used to define the 

inspection capability and the equivalent repair flaw size distributions. 
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The AFGROW crack growth curves for Scenarios 1 and 2 are presented in Figures 13 

and 14, respectively. Each figure contains five crack growth curves reflecting the five levels of 

corrosion severity. The shorter crack growth lives from Scenario 2 are apparent from a compari- 

son of these figures. 
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Figure 13. Crack Size versus Cycles for Scenario 1 
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Figure 14. Crack Size versus Cycles for Scenario 2 

The initiating flaw size distribution was generated by back calculating from the sizes of 

the first observed lead cracks and their corresponding ages in the specimen test data. The back 

calculation was performed in two steps. First, the no-corrosion crack size versus cycles data of 

Figures 13 and 14 were used to determine the time at which each lead crack would have reached 
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0.25 mm. An exponential growth model was then fit to each lead crack to estimate an equivalent 

crack size at 50,000 cycles. Note that the inverse of this process returns each of the observed lead 

cracks to its original size and cycles. 

The times to reach 0.25 mm for the cracks from the two MSD scenarios were statistically 

indistinguishable. Similarly, there was no statistical difference between the equivalent lead crack 

sizes from the two MSD scenarios at 50,000 cycles. The two sets of data were pooled to obtain 

the initiating flaw size distribution. The equivalent crack sizes at 50,000 cycles were fit with a 

mixture of two Weibulls as shown in Figure 15. Also indicated in Figure 15 are the MSD scenarios 

of origin of the lead cracks. 
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Figure 15. Weibull Mixture of Initial Crack Sizes 

4.2.2   MSD/Corrosion Example PROF Results 

Probability of failure as a function of cycles was calculated for each of the ten combina- 

tions of cracking scenario and corrosion severity. Failure of the lap joint specimens was defined 

as the lead crack exceeding 9 mm, as previously discussed. Figures 16 and 17 present the failure 

probabilities as a function of experienced cycles for Scenarios 1 and 2, respectively. The failure 

probabilities behave as expected with increased risk of failure at a fixed age for Scenario 2 as 

compared to Scenario 1, and increasing risk of failure as the stress level increases due to corro- 

sion material loss. These calculations do not account for any additional corrosive thinning after 

the start of the analysis. 
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Figure 17. POF versus Cycles for Scenario 2 

As a gross check on the capability of the risk analysis methodology, Figure 18 compares 

the calculated probability of failure as a function of cycles for 0% corrosion for Scenarios 1 and 

2 to the observed distributions of failure times. Superimposed on the predicted failure probabili- 

ties are the observed cumulative distributions of the cycles to failure from the lap joints that were 

the basis of the analysis. The observed cumulative distribution function was obtained by ordering 

the cycles to failure and dividing the ranks of the ordered times by the sample size plus one. That is, 

F(Ti) = i/(n+l) (3) 
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where i is the rank for 7}, the time at which the ith crack exceeded 9 mm, and n is the number of 

observed cracks that met the definition for the scenario. Sample sizes for Scenarios 1 and 2 were 

eight and five, as noted earlier. The differences between the observed and predicted probabilities 

of failure are most likely due to the conservative deterministic life predictions or the extrapola- 

tion of the crack-size-versus-cycles relation that was required to obtain the initiating distribution 

of crack sizes. 
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Figure 18. POF versus Cycles for Scenarios 1 and 2 Showing 
Comparison with Observed Data 

Figures 16 and 17 presented the conditional failure probabilities given the respective 

cracking scenario. The unconditional failure probability for a lap joint chosen at random from the 

population being analyzed is calculated as a weighted average of the conditional probabilities 

where the weighting factors are the proportion of specimens which will initiate cracks in the two 

scenarios. See Equation (2) and Figure 12. The weighting factors were estimated from the lap joint 

data in which 8 of the 13 lead cracks were from Scenario 1 (initial lead crack from one side of 

the hole) and 5 of the 13 were from Scenario 2 (initial lead crack from diametrically-opposite 

sides of the hole). Thus, pi = 8/13 and p2 = 5/13. Using these factors, a comparison of the observed 

and predicted cycles to failure for the composite of the two scenarios without corrosion is shown 

in Figure 18. Again, the difference between the predicted and observed distributions of cycles to 

failure displays the somewhat non-conservative risks of the predicted failure probabilities. 
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Figure 19. POF versus Cycles for Composite of Scenarios 1 and 2 Showing 
Comparison with Observed Data 

Figure 20 summarizes the probabilities of failure for a randomly-selected lap joint that can 

have either MSD scenario and is subject to the expected stress history for five levels of corrosion 

severity. These results will be interpreted both in terms of the times to reach a defined probability 

of fracture (POF) and in terms of the relative differences in POF at a fixed number of cycles. 

CYCLES 

Figure 20. POF versus Cycles for Scenario Composites 

The cycles to reach a fixed POF for the different degrees of corrosion severity can be read 

from Figure 20 as indicated, for example, at POF equal to 0.001 and 0.0001. Assume that the pro- 

portion of lap joints in the population that contain each of the five degrees of corrosion is known. 

Then the distribution of the time to reach the POF levels can also be inferred. To illustrate, three 
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representative distributions of corrosion damage were assumed, as given in Table 1. Mix 1 is sym- 

metric about a five percent material loss. Mix 2 is representative of a more severely corroded 

population. Mix 3 is representative of a less severely corroded population and is considered to be 

more representative of the corrosion that would be expected in aircraft. Figure 21 presents a histo- 

gram of Mix 3. The corresponding percentage of lap joints would be expected to reach the selected 

POF level in the indicated number of cycles. The histogram for cycles to reach POF = 0.0001 for 

severity Mix 3 is shown in Figure 22. The cumulative distribution of time to reach the two POF 

levels for the three distributions of corrosion severity are shown in Figure 23. 
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Figure 21. Example Histogram of Levels of Corrosion Damage - Severity Mix 3 
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At a fixed number of cycles, the failure risk of a corroded lap joint can significantly ex- 

ceed that of a non-corroded lap joint. To illustrate this difference, Figure 24 presents the ratio of 

failure probabilities for each of the four degrees of corrosion severity to that of the non-corroded 

lap joints. The ratios are presented as a function of the failure probability of the non-corroded lap 

joint. The lap joint failure probability for the severity characterized by ten percent thinning can 

be 70 times greater than that of a non-corroded lap joint. If maintenance scheduling were based 

on keeping the failure probability below about 0.0001 to 0.001, a lap joint with ten percent corro- 

sion thinning would have a 25 to 50 times greater chance of resulting in fracture. 
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4.2.3   MSD/Corrosion Example Summary 

This example demonstrates that it is possible to extend PROF to include probabilistic de- 

scriptions of the factors which influence fatigue life. In particular, a risk analysis was performed 

for fatigue failures in a representative lap joint in which the crack growth calculation was influ- 

enced by corrosion thickness loss and two scenarios of MSD. The basic approach to the analysis 

was to use deterministic crack growth calculations for different percentiles of the influencing fac- 

tors in the probability of failure calculations, yielding conditional probabilities of failure. The full 

use of the analysis assumed that estimates of the proportion of Scenarios 1 and 2 and an estimage 

of the proportion of lapjoint with the discrete level of corrosive thinning were available, so that 

the conditional failure probabilities can be combined or otherwise interpreted. 

In the lap joint example of this paper, the relative frequency of the two dominant MSD 

scenarios was estimated from data from a test program of the modeled specimen. Example distri- 

butions of thickness loss were assumed to demonstrate the calculations and interpretation. For 

this example, a ten percent thickness loss increased the failure probability by a factor of as much 

as 70 over the no-corrosion condition. Depending on the consequences of failure, inspection inter- 

vals based on the no-corrosion stress levels could pose a safety issue to corroded joints. The results 

were also used to demonstrate the generation of the distribution of time to a fixed risk. 

4.3 Multi-Element Damage Example 

In the multi-element damage scenario, two or more structural elements bridge the same 

load path and the damage states of the elements can interact. In this scenario, failure of selected 

combinations of elements may not lead to system failure, but the effects of the failures may well 

lead to changes in the fracture mechanics (loads or geometry factors) of the remaining elements. 

Thus, the probability of system failure changes when the non-critical elements fail and to evalu- 

ate the failure risks of the complete structure, the functional interaction of the structural elements 

must also be taken into account. PROF can provide a reasonable approximation to this potentially- 

complex calculation through the general analysis framework of Subsection 4.1. 

A fault tree type of analysis is first performed to identify all of the interactive states that 

have an affect on the conditions leading to system failure. This step is performed external to PROF 
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and may prove to require extensive stress and fracture mechanics analyses. These states will rep- 

resent structural conditions that can be modeled by deterministic crack growth analysis. PROF can 

then be used to calculate the conditional probability of failure, given the potential combinations of 

failed and unfailed states of the elements. The unconditional failure probability of the complete 

structure is a weighted average of the conditional probabilities where the weights are the prob- 

abilities of being in each of the states, i.e., the probability that selected elements will have failed. 

It is apparent that there are, potentially, a very large number of possible combinations of 

structural elements that would need to be considered in the analysis of a complex structure. From 

the viewpoint of structural interaction, it is judged that three or four elements will suffice. For 

two elements, there are only two basic combinations: the structure will fail if either element fails 

(the elements are in series), or the structure will not fail if one of the elements fails (the elements 

are in parallel). Note in the latter case, that the crack growth properties of either element will change 

upon failure of the other. Even this simple multi-element structure may require three PROF runs 

to be combined. If there are three interacting elements, there are a total of five basic combina- 

tions of series and parallel arrangements, and many more potential analysis combinations that 

could require PROF runs. These runs are easily combined using the Excel interface. 

An example problem is the best approach to understanding the methodology for the Multi- 

Element Damage scenario. The following example is taken from a report on a risk analysis of 

Wing Station 405 (WS405) of the C-141 aircraft [19]. 

4.3.1   WS405 Problem Statement 

Failure occurs at WS405 in the C-141 airframe when the chordwise joint fractures. Since 

the stress levels and crack growth behavior in the chordwise joint are dependent on the intact or 

failed status of both the splice fitting and the beam cap, the risk analysis for WS405 must com- 

bine conditional fracture probabilities for the relevant combinations of the states of the structural 

details. The probability of failure at this wing station under routine operations was previously 

calculated by Lockheed Aeronautical Systems Company (LASC) for a single inspection interval 

at 31,000 spectrum hours using a Monte Carlo analysis, [20]. The data were re-analyzed to 

demonstrate that PROF could be used to calculate the failure risks for the same scenario. 
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The input required by PROF were provided by LASC from their evaluation of the failure 

risks at WS405. The input data that were used in the analyses are presented in discussed in detail in 

[19 and 20]. 

LASC performed extensive finite element analyses of the chordwise joint, splice fitting 

and beam cap at WS405 of the C-141 airframe. The intact or fractured status of the beam cap 

affects the stress levels in both the splice fitting and the chordwise joint. The intact or fractured 

status of the splice fitting also affects the stress levels in the chordwise joint. Thus, different crack 

size versus hours relations and different maximum stress per flight distributions are needed for 

the various combinations of intact and fractured beam caps and splice fittings. 

Since structural failure at WS405 of the C-141 airframe occurs when the chordwise 

joint fractures, LASC established a fault tree, Figure 25, which isolated the fracture events that 

need to be evaluated in the calculation of the probability of failure of WS405, [20]. The fault tree 

of Figure 25 was restructured to demonstrate that the WS405 failure probability can be modeled 

as a weighted average of the probability of fracture of the chordwise joint, given the intact or 

failed status of the splice fitting and the beam cap. The weighing factors are the probabilities of 

the intact or fractured status of the splice fitting and the beam cap. The chordwise joint fracture 

can also be visualized in terms of the Venn diagram of Figure 26 in which the event is partitioned 

four mutually-exclusive sub-events. 
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Figure 25. WS405 Fault Tree 
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Figure 26. WS405 Venn Diagram 

The probability of failure at WS405 (POF) is given by: 

POF    = PfCSF,SFTAC,BCTAC} + P{CSF,SFTAC,BCFJ 

+ P{CSF,SFF,BCTAC} + P{CSF,SFF,BCFj 

= PfCSF I SFTAQBCTAC} •PfSFTAC} »PfBCTAC} 

+ PfCSF I SFTAQBCF} •PfSFTAC} *P{BCF} 

+ PfCSF I SFF,BCTAC} 'PfSFFJ •PfBCTACj 

+ PfCSF I SFF.BCF} • PfSFFj »PfBCFj (4) 

where 

CSF      = chordwise joint fracture 

SFTAC = splice fitting intact 

SFF      = splice fitting fractured 

BCTAC = beam cap intact 

BCF      = beam cap fractured 

P{A,B,C} = Probability of events A and B and C 

= P{AlB,C}'P{B}»P{C} 

PfA Iß, CJ = Conditional probability of event A given the events B and C 

Note that because of the effect of the failed or intact effect of the beam cap on the splice fitting that 

PfSFFJ = PfSF I BCTAC} * PfBCTAC} + PfSFWCF} • PfBCF} (5) 
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Further, 

P{SFTAC} = 1-P{SFF} 

PfBCTAC} = 1 - P{BCF}. (6) 

Time histories of the conditional probability of chordwise joint fracture given the intact 

or failed status of the splice fitting and beam cap were calculated using PROF (with the appropriate 

a versus T and maximum stress per flight distribution). Similarly, the time histories of the prob- 

ability of the splice fitting and beam cap being in an intact or failed status were also calculated using 

PROF. These numbers were combined to calculate the unconditional probability of WS405 failure. 

4.3.2      Selected WS405 Risk Analysis Results 

PROF computed the single flight probability of fracture at ten approximately equally 

spaced times throughout each usage interval. The usage intervals were specified in terms of spec- 

trum hours from the zero reference time ((31,000 spectrum hours in this example) and define the 

times at which the inspection and repair actions are taken. In this risk evaluation at WS405 of the 

C-141, the analyses were performed over two usage intervals of 328-hour duration. The reported 

analyses were run assuming an inspection at the start of the analysis (Reference time T = 0 or 

31000 spectrum hours). 

PROF also calculates interval probability of fracture, but only at the end of a usage interval. 

For the structural elements and conditions of this example, the probability of fracture was domi- 

nated by cracks reaching unstable size (about 1 in.) as opposed to an encounter of a maximum 

stress in a flight. That is, the probability of fracture was determined primarily from the distri- 

butions of crack sizes. As a result, the single flight and interval probability of fracture were equal 

(to three significant figures) for the chordwise joint and the beam cap. The interval probabilities 

of fracture for the splice fitting were about five percent greater than the single flight fracture 

probabilities. Therefore, in this application, the single-flight fracture probabilities were used for 

the probabilities of intact and fractured status of the splice fitting and beam cap, Equation (4), in 

calculating the unconditional probability of failure at the ten times in a usage interval. This 

assumption is expected to occur in problems of interest because of the relatively small failure 

probabilities risks in any realistic problem. 
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A sample of the results from the WS405 analysis are as follows: Figure 27 presents the 

probability of fracture as a function of spectrum hours for the splice fittings and the beam caps. 

This analysis assumed that maintenance (inspection and repair of detected cracks and failures) 

was performed at T = 0 (31,000 spectrum hours) and a subsequent maintenance was performed 

at 328 hours. The figure displays the relatively high fracture probabilities for the splice fittings, 

even after the maintenance cycle. In the original data, approximately 75 percent of the beam caps 

were in a failed crack size state and these were repaired before the failure probability calculations 

were started. The inspection capability assumed in the analysis was not sufficient to find and re- 

pair the cracks in the splice fittings. The effect of the failed beam cap on the fracture probability 

of the splice fitting was relatively minor in comparison to other effects. 
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Figure 27. Failure Probabilities of Splice Fitting and Beam Cap 

Figure 28 presents the conditional probability of failure of the chordwise joint, given the 

intact or fractured status of the splice fitting and beam cap. The unconditional failure probability 

is a weighted average of these conditional probabilities, with the weights being determined by 

the proportion of intact and failed splice fittings and beam caps. Figure 29 displays the chordwise 

joint (system) unconditional failure probability along with the conditional failure probabilities. 

With the inspection at time zero, the intact or failed status of the splice fitting and beam cap had 

relatively minor effect on the failure probability of the system. Figure 30 compares system 
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probabilities of failure for the analyses with and without an inspection at time zero. The effect of 

the maintenance action decreases the failure risks by about a factor of five. 
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Figure 28. Conditional Failure Probabilities ofChordwise Joint 
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Figure 29. Unconditional Probability of Failure ofChordwise Joint 
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Figure 30. Unconditional Probability of Failure ofChordwise Joint - 
With and Without Initial Inspection/Repair 

4.3.3       Multi-Element Damage Example Summary 

The computer code Probability Of Fracture, PROF, was used to evaluate the probabil- 

ity of failure at WS405 of the C-141 aircraft. Failure occurs at this location when the chordwise 

joint fails. The stress levels experienced by the chordwise joint are dependent on the failed or intact 

status of the splice fitting and the beam cap. This multi-element analysis was calculated in terms 

of the failure probability of the chordwise joint, given the status of the splice fitting and the beam 

cap, and the probabilities of the condition of the splice fitting and beam cap. The probability of fail- 

ure at WS405 was calculated for a set of conditions comparable to those used in an independent 

analysis performed at LASC. For these conditions, the probability of a failure at WS405 in one 

wing was less than 2 • 10"4 during a period of 656 hours of operational usage with an inspection/ 

repair cycle at 328 hours. 

The example demonstrates that PROF can be used to evaluate the fracture risks asso- 

ciated with more complex structures than the single-stress raiser, which is the current basis of the 

calculations. The computations for combining the conditional failure probabilities of the elements 

was easily accomplished in the Excel spreadsheet. 
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Section 5 
Additional Modifications to PROF 

Modifications to PROF include changing from FORTRAN to C++, converting the user 

interface to use Microsoft Foundation classes, improving the numerical methods, and adding an 

Excel spreadsheet interface for parameter description and tabular output. 

Appendix A is a users' manual for PROF. Appendix B details the mathematical aspects 

of the numerical methods used by PROF. Appendix C documents the source code. Appendix D 

is the list of PROF source files. 

5.1     User Interface 
The original version of PROF was written in FORTRAN and is documented in [4,5]. 

By 1995, a windowed, graphical front-end was added to PROF [6]. The resulting program was 

called WinPROF. The approach taken for WinPROFwas to use the Zinc Application Framework 

libraries (Ver. 3.5), [see http://www.zinc.com1. Zinc is a user interface class library that is designed 

to be a replacement for Application Program Interfaces (API) such as Microsoft Foundation 

Classes (MFC) or Unix X/Motif. Its appeal is cross-platform uniformity. However, there are 

several problems with the use of third-party user interface libraries. They add another layer of 

application software to a product. They generally do not have exactly the same look-and-feel as 

programs written directly for a given platform. They are not as responsive to platform changes in 

user-interface style. 

The new version of PROF (PROFv2) eliminates the use of the Zinc Application Frame- 

work. The user interface was rewritten to use only MFC. This gives an appearance much closer 

to other Windows programs. For example, files are opened and closed using the common dialog 

boxes provided by Windows. These are the same dialogs used by Microsoft Office applications 

and most commercial applications. Zinc provided its own dialog boxes, which was required to 

maintain platform independence. 

The major component in Zinc that was not present in MFC was a class devoted to plot- 

ting. This capability was developed, based on earlier plotting programs written internally at UDRI. 
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Microsoft has a standard platform for programming, called the Developer Studio. This 

platform includes an editor, project builder, and debugger. Application frameworks can be 

developed using the "Application Wizard". The wizard allows standard features of the Windows 

environment to be included in custom applications. The same Studio environment is used for 

C++, Fortran, and Java. 

The Application Wizard is designed around Microsoft's document-view architecture. The 

structure of PROF was modified to fit within this document-view organization. A PROF docu- 

ment, for example, contains the same information previously found in the ASCII input file used by 

WinPROF. The document class contains the input parameters and variables used by PROF. A 

PROF view is the screen display of PROF document parameters and analysis results. 

Currently, the new PROF uses the Single Document Interface (SDI). A screen example is 

shown in Figure 31. There are four sub-windows or panes, one pane of control buttons, two 

panes for plots and one pane for text. 
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5.2    Excel Interface 
The new version of PROF uses Excel spreadsheet files as its documents. The input param- 

eters for a PROF data set were previously stored in an ASCII file (with an . ipt extension). 

Now they are stored in an Excel workbook document, on a worksheet named Input. Figure 32 

shows an example of the input format. The results of a PROF analysis are written as separate 

worksheets in the same Excel file. Problems with multiple variations can be expressed in one 

workbook. The input parameters are arranged in columns. Each column is a separate case. 

During analysis, the results of each case are written on separate worksheets. 

There are a number of advantages in using Excel documents. Excel is part of Microsoft 

Office, which means that it is almost universally available on office computers. Spreadsheet pro- 

grams have become as familiar a tool for numerical documents as word processing programs have 

become for text documents. The use of spreadsheets simplifies data entry, and allows results to 

be presented in a form that is immediately available for secondary analysis. Furthermore, since 

spreadsheets are a binary format, the results of numeric computations are available without loss 

of precision. When results are converted to text format, they are inevitably truncated in precision. 
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PR0Fv2 controls Excel through a method called the Component Object Model (COM) 

that is the main part of what used to be called OLE (Object Linking and Embedding), but now 

seems to be called ActiveX. COM was invented to provide a standard way for Windows program 

modules to communicate with one another. 

5.3     Probability of Fracture 
Fracture occurs when an applied stress produces a stress intensity that exceeds the fracture 

toughness for the cracked detail, that is, when <J>oc. The probability of fracture (POF) can be 

expressed as 

POF = £ f(a) POF(a)fa + [l - F(ac)] (7) 

where POF(a) is the probability of fracture for a specified crack size and ac is the critical crack 

size. The basic mathematics underlying the calculation of the POF is unchanged from earlier 

versions of PROF. However, the identification of the function POF(a), which is independent of 

the crack size distribution, is new. Also, a menu choice was added to calculate and plot POF(a) 

versus crack size a. 

Several improvements were made to the numerical methods used to calculate the probability 

of fracture. Although the adaptive integration routine used in PROF usually converges to the correct 

answer, in some cases the integration did not properly sample the tail of the distribution. This effect 

was corrected by partitioning the integral at the tabulated values of the crack size distribution table. 

In previous versions of the PROF, the crack-size distribution was aged according to the 

crack growth curve for each time step, and a new extrapolation was fit to the tail of the aged 

crack-size distribution. In PROFv2, the integral in Equation 7 is calculated using the time 0 crack 

size distribution for each time step. The time effect is incorporated by using the aged crack 

length a* in calculating the POF(a) portion of the integrand of Equation 7. The effect of this 

change is to make the calculation of POF more robust by eliminating changes in the upper tail of 

the crack size distribution caused by numerically "growing" the cracks. In benign cases, there is 

no numerical difference in the results obtained. In more pathological cases, the results produced 

by the new method provided more reasonable answers than those generated by the old method. 

The details of the probability of fracture (POF) may be found in Appendix B. 
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5.4 Residual Strength Function Input 
PROFv2 was modified to allow optional use of a residual strength function GR (a) in place 

of the geometry dependent function K/o of crack size. As shown in Appendix B and described 

in Section 3.2, the residual strength curve eliminates an integral across the fracture toughness 

distribution. PROFv2 allows the residual strength function to be specified as a table of values. 

5.5 Multi-Run Data Management 
The multi-run analysis capability, described in Section 4, was added in PROFv2 by the 

introduction of the Excel interface. Problems with multiple variations can be expressed in one 

worksheet, as shown in Fig. 33. Each column is a separate case. In this example, there are two 

cases. During analysis, the results of each case are written on separate worksheets. A summary 

worksheet is also generated, as shown in Fig. 34. Specific analyses that combine the results of 

multiple cases can then be performed using Excel, as shown in Section 4. 
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Section 6 
Summary and Recommendations 

Probabilistically-based structural risk analyses are playing an increasingly important role 

in structural maintenance planning for aging aircraft. In particular, risk analysis is an additional 

tool that is being used in the determination of the maintenance intervals that ensure structural 

safety in fleets of aging aircraft. The stochastic risk analysis accounts for the variability in aging 

fleets that may not be covered by the conservative assumptions of deterministic damage tolerance 

analyses. The risk analysis computer program entitled Probability Of Fracture (PROF) is an 

aging aircraft risk analysis program that was originally designed to address the failure prob- 

abilities associated with a monolithic fatigue crack in a metal structural. (The Windows version 

of PROF is known as WinPROF). Although this code has been shown to be applicable to more 

general cracking scenarios, the use of PROF in these scenarios was, at best, awkward. Further, 

the original PROF/WinPROF was based on the Irwin fracture criterion and could not be used to 

evaluate failure risks in the event of discrete source damage. This report discusses the changes 

that were made to PROF/WinPROF to facilitate different risk analysis scenarios. 

The changes made to update PROF/WinPROF fall into three categories: 

a) A new algorithm was added to calculate the conditional probability of failure given that 

an adjacent structure is in a failed state. This calculation is based on the criteria of the 

experienced stress exceeding residual strength where the residual strength is a function 

of crack size in the remaining structural component. A separate analysis to obtain the 

residual strength data would be necessary. An example is presented based on data and 

analysis of the fail-safe capability of a lower wing skin stringer in a Boeing 707 

(JSTARS) airframe. 

b) An Excel Workbook interface was added to PROF to provide a data management 

capability for WFD scenarios that require multiple runs of PROF. The interface can 

be used to set up multiple analyses that can be performed in a single batch run of 

PROF. The output for each analysis is stored on a separate page of the workbook, 

along with a page that contains the conditional failure probabilities from each of the 

analyses. The Excel interface provides the macro and plotting capability to handle a 
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broad range of WFD scenarios. Two examples are presented to demonstrate the 

application of multiple PROF runs to WFD scenarios: 1) analysis of specimens rep- 

resentative of C-135 lapjoints subjected to both MSD and corrosive thinning; and, 

2) analysis of the multi-element damage problem from the C-141 Wing Station 405. 

c) In addition to the Excel interface, three other changes were made to WinPROF to 

enhance the Windows-PROF interface and to provide more stable calculations of frac- 

ture probabilities. The Windows interface has been changed from a third party user 

interface to Microsoft Foundation Classes. The FORTRAN programs that performed 

the analyses have been converted to C++. The changes in the computational algo- 

rithms remove some known idiosyncrasies that resulted from the method of handling 

the crack size distributions. 

While the updated version of PROF is clearly superior to the original version, a number 

of potential enhancements were identified that were beyond the scope of the current program. It 

is recommended that PROF be further enhanced to: 

a) Access the Excel Workbook to obtain the PROF input that is currently obtained from 

ASCH files. 

b) Provide the capability to initiate analyses with a distribution of time to fixed crack 

size rather than a crack size distribution. 

c) Allow for a more general description of the maximum stress per flight distribution, 

possibly with a file format. 

d) Allow for a more general description of the inspection capability (POD) input, possibly 

with a file format. 

e) Add other failure mode criteria and necessary data provisions associated with the 

criteria. 

f) Interface PROF with a crack growth program. 

In addition, PROF should be extensively exercised by performing a risk analysis for an entire 

airframe or major structural subsystem by combining results from all pertinent critical locations. 
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Appendix A 
PROF Users Manual 

This appendix describes how to use PROFv2. PROF and Microsoft Excel are used 

together. PROF data is stored in an Excel workbook on a worksheet named Input and PROF 

results are written to other Excel worksheets in the workbook. 

A.1    PROF Installation 

To install, copy PROF to any directory in the search path. PROF requires Microsoft 

Windows 95 (or later) and Excel 97 (part of Microsoft Office 97). PROF requires the following 

dynamic link libraries (DLL): 

MFC42.DLL 

MSVCRT.dll 

KERNEL32.dll 

USER32.dll 

GDI32.dll 

The last three should be on any system with Microsoft Windows. The first two need to be copied to 

C:\windows\system, if they are not already present. MFC42.DLL contains the Microsoft Founda- 

tion Classes. MSVCRT.DLL contains the Microsoft Visual C Run-time library routines. 

A.2    Starting PROF 
Start PROF by double-clicking on the PROF icon. A shortcut to the icon can be placed on 

your screen, if desired. When PROF activates, it first brings up a copy of Excel and opens a 

blank PROF input template. Do not close this copy of Excel while PROF is running. 
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A.3    PROF File Operations 
The File menu in Windows contains menu items associated with opening and saving docu- 

ment files. It also contains a list of most recently used files, and a menu item that allows you to 

exit the application. The File menu for PROF is shown in Figure A-l: 

Edit    Data    Case    Analvs 

New Ctrl+N 

Open... Ctrl+O 

Save Ctri+S 

Save As... 

import.. 

Print.. Ctrl+P 

Print Preview 

Print Setup... 

lD\PrufWM1\us.xls 
2 example.xls 
3test.xls 

4test2.xis 

Evit 

Figure A-l. PROF File Menu 

A.3.1   Opening a New Input File 

Start a new input file by selecting the File - New menu item. You will be prompted by a 

dialog box to save any currently-open modified spreadsheet. PROF will open a new blank input 

template sheet. 

A.3.2   Opening Existing Input Files 

PROF input files are stored as Excel spreadsheets, as shown in Figure A-2. You open an 

input file by selecting the File - Open menu item. This brings up the Windows common file 

selection dialog. Navigate to the directory containing the input spreadsheet and its associated 

data files, and select the desired spreadsheet. 
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Figure A-2. Example of PROF Input Worksheet 

A.3.3   Save and Save As Menu Items 

The Save and Save As menu items operate in Excel. 

A.3.4   Import Menu Item 

Information from an input data file from the earlier version of PROF can be loaded in 

PROFv2. This is done using the File-Import menu item. Selecting this menu item activates a 

common file-open dialog box that allows you to enter the name of a file with the extension .ipt. 

This extension was used for earlier PROF input files. The input parameters replace the values in 

the current selected case. 

A-3 



A.3.5   Exiting PROF 

The PROF application is exited by using the File - Exit menu item, by selecting the 

Close menu item (or using the Ctrl-W key) in the System menu, or by pressing the Close 

button at the far right side of the Windows menu. 

As PROF prepares to close, PROF will prompt the user to save the Excel worksheet if it 

has been modified. PROF will also close the Excel application. It is not necessary or desirable 

for the user to close Excel directly. Closing Excel early can cause PROF to generate communi- 

cation errors, since PROF expects that the Excel object it created is still active. 

Closing Excel early can generate a variety of warning and error messages. If you inad- 

vertently close Excel early, you should close PROF before doing any more work and then restart 

the PROF operation. 

A.4    Modifying the Input Sheet 
A valid PROF spreadsheet must contain a sheet called Input. An example of an input 

worksheet is shown in Figure A-2. The input sheet contains the input parameters. The first column 

of the input sheet consists of keywords and comments. The other columns of the spreadsheets 

contain different cases. Each case should be labeled by a short descriptive name on the top row 

(identified by the keyword prof). PROF examines this row and counts the number of consecu- 

tive non-blank columns to determine the total number of cases. 

You can directly modify the input screen in Excel. If you make modifications to the input 

sheet this way, you must select the Case - Reload menu item. This causes PROF to reload the 

Excel input data. 

You can also modify the input data from within PROF. The Data menu group contains 

menu items for this purpose. 
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A.5    Data 
A.5.1   Files 

PROF recognizes five types of numeric data files. Four of these are required before analysis 

can begin. The data files are: 

1. Initial crack size cumulative distribution function (F(a) vs. a). 

2. Crack growth function (a vs. time). 

3. Repaired crack cumulative distribution function. 

4. Geometry factor (K/avs. a). 

5. Residual strength (ars vs. a). 

Select the menu-item corresponding to desired type of data, Figure A-3 
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RE SPECTRU Case: 
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Mean < 
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Small« 

Figure A-3. PROF Data Menu 

PROF will display a standard Windows File Open dialog box from which you may select the 
name of a data file. 

A.5.2   System Properties 

The Data - System Properties menu item, Figure A-4, activates the following dialog box: 
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Figure A-4. PROF Data - System Properties Menu 

The dialog allows the various numeric parameters for the current case to be changed. 

A.6    Selecting a Case 

Use the Case - New menu item to start a new case, Figure A-5, PROF will copy the 

parameters from the current case to the new column. Use the Case - Select menu item, 

Figure A-6, to change the current case. This activates a dialog box for the user to select the 

column in the input sheet from which to take input parameters. 
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Figure A-5. PROF Case Menu 
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Figure A-6. PROF Case - Select Menu 

The Case - Reload menu item reloads the information from the Input worksheet. Use 

Reload after you make any manual changes to the Input worksheet. PROF then scans the work- 

sheet and updates the information for the currently selected case. 

A.7   Analysis 

The Analysis menu, Figure A-7, lists the execute code for analyzing all cases or a single 

case using the standard analysis (POF as a function of time) and POF(a) for the residual strength 

analysis. 
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EOF(a)   - 
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BB 
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Figure A-7. PROF Analysis Menu 

A.7.1 Standard Analysis Options 

The Analysis - Single case menu item initiates an analysis for the current selected case. 

The PROF screen summarizes the results, as shown in Figure A-8. More details of the analysis 

are written to an Excel worksheet having the same name as the PROF case. An example of this 

output is shown in Figure A-9. The spreadsheet was reformatted by removing some blank col- 

umns and reduced in size to fit on the page. There are two separate groups of information. The 

group on the left tabulates the probability of failure at different times, and shows the expected 

effect of inspection and repair at the indicated intervals. The group on the right tabulates the 

crack size distribution at the start and end of each interval and before and after inspection/repair. 
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The rows below the crack-size distribution table in Fig. A-9 show the parameters X and y 

used to extrapolate the table. The extrapolation formula is 

Fe(a) = l-exp(-A-(a-r)) (Al) 

Example.xls - Prof 
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Figure A-8. Example Screen After a Single-Case Analysis 
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Figure A-9. Example Worksheet for a Single-Case Analysis. 
The Spreadsheet Was Reformatted to Fit this Page. 
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The Analysis - All Cases menu item performs a Single Case analysis for each case on 

the Input worksheet. This analysis results for each case appear in Excel as separate worksheets. 

The names of the worksheets are the same as the PROF case names assigned by the user on the 

Input worksheet. PROF also generates a worksheet named Results in which the probability of 

failure for each case is tabulated as a function of time. Figure A-10 contains an example of a 

results worksheet. 
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Figure A-10. Example of Results Worksheet 

A.7.2   Specialized Analysis Option 

The Analysis - POF(a) menu item generates a plot and a table of the probability of 

failure as a function of crack size. Recall that the single-flight detail probability of failure Pf is 

calculated by PROF as 

Pf = f' f(a) PO¥(a)da + [l - F(ac)] (A2) 
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where f(a) is the crack-size distribution function, F(a) is the cumulative distribution function, 

and ac is the critical crack size. 

Figure A-l 1 shows an example of the PROF screen after a calculation of POF(a). A longer 

output table is also generated in an Excel worksheet called pof. 

[59 Example.xls - Prof 

file   Edit  fiata  £ase   tsufym   ßetail   Mew 
l-iol«l 

/VT«*IRCIWT. INNER LOMR »IN* IOCATIOI iFrebafci iity  cf   fracture   rpof)   vs.   crack siz* 

•3 pöf 
Ü 050000 7. 463.85e-OQ? 
n loaaoo 9-7833B<e-C06 
0. 15B0O.0 1.5286ße-O0S 
J5 2&0000 2.S19?le-tJ05 
Q' 25OO0S 6.S4765e-Ö0S 
Q 3HQQO0 2-32755«-Ö04 
3 350009 S8,16349e-004 
S£ 480000 2.7SOS9a-003 
1 4SOÜÖ0' 8,34973fe~803 
Q SOflOOO 2.35943e-C02 

Probability of frjcture vs. critfcsi 
0.025 ; i 

0.02 iiiiBiiiii --  I            \ 
0.015 

0.01 
1        I 
/ I 

0.005 / 

Initial F{A) 

Summary 

A vs Time Repair F(A) 

abeta     | 

Figure A-ll. Example Display for POF(a) 

A.8    Detail Calculations 

The Detail menu, Figure A-12, provides support for examining the detailed results of 

some of the analytic calculations. There are three menu items in this group: 

File    Edit   Data    Case    Analysis BEgg« View    Help; 

Elapsed time 
is T - A/T/C AIRCRAFT. LOWER INNER WING. S 

o i ■ ■—     Time interval 

inspection 
-? 1  11-,,-.^' „. 

Figure A-l2. PROF Detail Menu 

Each menu item brings up a dialog box. 
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A.8.1   Elapsed Time 

The Detail - Elapsed Time choice, Figure A-13, calculates the probability of failure at a 

selected time interval since inspection. This time interval is chosen in the dialog box shown below. 

This choice is a debugging tool which can be used to calculate probability of fracture at any 

selected time. 

Time since inspectoin 

time since inspection       0 

OK        •■ Cancel 

Figure A-13. PROF Detail - Time Since Inspection Menu 

A cropped example of PROF screen output is shown in Figure A-14, for a time of 1100. 

Crack growth attime 1100 tiae * 1100 
a critical = 0.5 
last tabulated a = 0.19245?   {F (a)   = 0.9999) 
I-B (ajarixical)  ■extrapolated = 0 

F (a)   evals       percent                 subtotal 
0.9999       463'       88.989     2.203093e~OG8 o.2 

-3 

rv;;:'-;;:;-;; 
1,0000         81         21.011    2-725923S-Q09 

probability of failure =    2, <375685«-Q88 
■"o 0.05                 O.I                 0.15                 0 

CM ck size 
2 

Figure A-14. Example Elapsed Time Calculation Screen 

The left curve in the figure shows the starting crack size distribution, plotted as loglO(l-F) 

(exceedance) versus crack size. The right curve shows the expected crack size distribution at the 

specified time interval, calculated from the crack growth curve. The text window shows various 

terms in the POF calculation. The column labeled evals is the number of function evaluations 

of POF(a) in the integral. This number is indicative of the rate of convergence of the numerical 

integration. The column labeled percent shows the contribution of each term to the total. 
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If the maximum crack size in the extended (growth) crack distribution table is less than 

the critical crack size, the POF is the sum of the following terms: 

Interpolated region p f(a)?OF(a)da 

Extrapolated region f°7(«)P0F(a)da 

Extrapolated probability that crack exceeds 
critical size 

l-Fc 

In these expressions, an is the last value in the crack distribution table and ac is the 

critical crack size. 

If the maximum crack size in the extended (growth) crack size distribution is greater than 

the critical crack size, Fc is interpolated rather than extrapolated, and the POF is the sum of the 

following terms: 

Interpolated region fc f(a)POF(a)da 

Interpolated probability that crack exceeds 
critical size 

1-Fe 

The dashed line in the text window divides the interpolated region of the crack size 

distribution from the extrapolated region. In the example of Figure A-14, the probability of 

cracks larger than the critical size is zero, or more precisely Fc is indistinguishable from unity in 

computer arithmetic (double precision floating-point numbers). 

More details of this calculation are generated as a new sheet in Excel, as shown in 

Figure A-15. The columns on the left show region subtotals of the POF calculation. The rows 

where the probability is less than 10"15 are suppressed. The columns on the right show the 

tabulated crack distribution at the start and end of the specified interval. 
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IX. Microsoft Excel - Example.xls _■_■_■_■_■_■_■ _ > rüW 
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21                  1!             81   2.73E-Ö9! 2.48E-Ö8 0.999066 0.00833!   0.076099515 
22 0.9992 0.01!   0.086679515 
23 0.9994 0.02:   0.131436588 i 
24 0.9996 0.03:   0.162185995 .   j 

25 0.9998 0.04:   0.185004891 
«ww 

26 

■■lilli 
0.9999 0 045    0 192456625     -- 

i   >\r M  <  ►  N \sheet3/«Kl/pof/input  w  
Ready ■?f$^&täfö&!W£ 
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Figure A-15. Example of Detail - Elapsed Time Spreadsheet 

A.8.2   Time Interval 

The Detail - Time Interval menu choice, Figure A-16, calculates the probability of failure 

over an interval starting at a specified time. The associated dialog box is shown below: 

ITime interval HUH 

Starting lime 

Evaluation interval • 
; i°. 

Jnöo 

Number of points Jio 

. Cancei <>" | 

Figure A-16. PROF Detail - Time Interval Menu 
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The first edit box is the time since inspection at which to begin calculations. The evalua- 

tion interval is the time interval after the start of calculations. If the time since inspection is 800, and 

the evaluation interval is 1000, then the last time for which a calculation is made is 1800. The 

evaluation interval is divided into 10 divisions. A typical screen display is shown in Figure A-17: 

"light- Median • SitigJLe 
Hours Crack '   Detail 

Size '"£roJ> of 3? 
• 800 0.0008 3.78713*-Q03 

900-' 0.Q008 1.0S769*-008 
1000 0.0008 r.53?atte-ooe 
1100 • 0.000B 2..47569e-009 
1200 0.0008 4>.69975«-008 
1300 0.0003 9.26521e-008 

.1400  . 0.0008 1.74395e-Q0? 
1500. 0.0008 •3 .-02 64 8«-007 
160.0 Q.oooa 4.872Q6e-007 
1700- ' 0.0008 '7.38504e-Q07 
X600 O.C003 l,045S2e-G06 

Figure A-17. Example Time Interval Calculation Screen 

The example worksheet in Figure A-18 shows the median crack size and probability of 

' failure at each time in the interval. Also shown is the relative contribution of the exceedance 

probability for cracks growing to above the critical size relative to the total probability of failure. 

1X Microsoft Excel - Test.xls MMMMIMHHM-inixl 

Q Fife m X -Mfew Insert Format look Data Window He! -Ifflxl 

\6d&^ * *."« si-firT:$ • •*••! 
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1   iFlioht 

A M_ ja j 
Median 

 ;_C | 
Single Ratio of 

2 I Hours : Crack Detail (1-F critical) to 
.   3 I iSize Prob of F Prob of F 

4 ! 800:   0.000807398 1.96535E-08 Ö! 
"5 900    0.000808361 2.48437E-08 

6 1ÖÖÖ!   Ö.ÖÖÖ8Ö9322 3.57357E-08 0 
7 1100!   0.000810286 5.93469E-08 Ij 

8 1200:     0.00081125 1.14339E-07 0; 

»1 1300    0.000812216 2.24202E-07 1.0399E-08 
1400:   0.000813183 4 14102E-07 9.5445E 

11 1500:   0.000814151 7 02205E-07 1.20049E-                _ 
12 1600    0 000815123 396E-06 1.25689E-05 
13. 1700!   0.000816094 1 63935E-06 4.65902E-05 

0"Ö0lTÖl904 18001   0.000817071 2 23525E-06 
■  '). JlSifl 

H;< ►:wNsh«etl/input/ " hi    .      !       >\r 
Ready i  . I  ..!••> . !•••    -..I:..- !..   /A 

Figure A-18. Example Worksheet Created by Selecting Detail - Time Interval 
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A.8.3   Inspection 

The Detail - Inspection menu item, Figure A-19, calculates the before-inspection and 

after-inspection crack size distributions at a selected time. The associated dialog box is: 

Inspection 

f 

Inspection time |1100 

Cancel 
: 
  

  
  

  
t 

i  
   

 i 
Figure A-19. PROF Detail - Inspection Menu 

An example of the screen display is shown in Figure A-20: 

Crack sizes after inspection at 1100 

0.04 
crack size 

0.06 0.03 

time at inspection  1100 
median crack size  0.000810286, 
extrapolate from  0.192457   (F<a)   = 0,9999) 
lambda 93.0182 gamma. 0...Ü9344G1 
percentage  o€ cracks  fcundi   1. S20 

a critical =0.5 

Figure A-20. Example Inspection Calculation Screen 

The crack-size distribution after inspection is shown on the left. Some information about 

the tabulated distribution function is shown on the right. 
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An Excel worksheet is also generated, as shown in Figure A-21. The columns tabulated 

the distribution of cracks at the start of the interval, at the end of the interval (just before 

inspection), and just after inspection. 
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0.699322: 0.001112i    0.00117; 0.001169 ,   1 
0.799227   0.001359  0.001568  0.001566 

0.84918: 0.001536: 0.003063: 0.003035 ä 

0.899135: 0.001793  0.013756    0.01294 .   \ 
0.949095 0.002255: 0.027317  0.025752:                    '' | 

0.97408 0.00275: 0.033682: 0.032056;                    1 
0.989079 0.003465! 0.041219s 0.039167: 
0.998113 0.005606: 0.058595  0.051246; 
0.999066:   0.00833;     0.0761   0.054044 

0.9992:         Ö.Öll   0.08668    0 05466 

0.9996:         0.03  0.162186: Ö.Ö57416 
0.9998;         0.04; 0.185005: 0.062089 
0.9999;       0.045; 0.192457: 0.068192 

  
► . H \Sheet4 /Sheets / easel / j < | 1     >ir 

•  .1- J   A 

Figure A-21. Example of Spreadsheet Generated by the Detail - Inspection Menu Item 
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A.9    Viewing Data Files 
The View menu group, Figure A-22, is used to cycle through displays of the PROF input 

data files. 

file    Edit   Data   Case   Ana^sis   Detail |^^ Help 

•* Status Bar 
is T ■ A/T/C AIRCRAFT. LOWER INNER WING. SEVERE SPis 

Ci 1 1 : 

■K "3 ß 

Summery 
ininal Oack Size CDF 
Geometry Jador 
Crack grovwh curve 
Repaired crack CDF 

Figure A-22. PROF View Menu 

The buttons in the group on the bottom right of the PROF window, Figure A-23, perform 

the same function. 

Initial F(A)              AvsTime             Repair F(A) 

Summary                 abeta 

Figure A-23. PROF Screen Buttons 

The Summary button (or menu choice) generates an overall summary of the input 

parameters. 

Figure A-24 shows some examples of the display of different data files. The text window 

displays the general description of the data file. The first line is a basic description of the type of 

data file. The next line shows the filename. The third line displays the specific description of the 

data stored in the first line of the data file. The following lines show the number of values 

tabulated and other messages about the data file, such as whether the table is assumed to start at 

(0,0). 

Buttons are shown only after a filename is specified for each type of data file. The 

summary button does not appear until all data files have been specified. 

A-18 



Mix of lr(.0008..63) and Uniform (0-.050). P*0.001 r 

0.01 0.02 0.03 0.M 0.05 
crack size 

A-vs-FA initital  crack distribution 
F-lonarao:   crcksiz*.dat 
Hi«: of'InCOQOB, .S3)  an<J ttaiforsi; (0-.050), 

tJuiabsr -of values:   2S;; ■ 
taM.e assuro«<i to start at   (0f0) 

5=0.0 

(a) Example of initial crack distribution data 

is T ■ WTO AIRCRAFT. LOWER INNER WING, SEVERE SPECTRU 
0 

-1 

-2 

« 
•5 "3 8 
•iS 
B"4 

-5 

-61 

•7. 
5000 1W4 

lime (his) 

Crack size vs. time 
l«n.ant«:   a_vs_t.dat 

avsl-  A/i/^AIRCRAPi:,   LOWER INNER WINS,    SEVER 

Ntaaber. of values!   159 
table assuaed to start at   (0,0) 

(b) Example of crack growth data 

TABLE GENERATED FROM UNIFORMIP..050) DISTRIBUTION Equivalent repair -crack distribution 
Filename:   uaifSD.dat 
CABLE  GENERATED fROM  OKIfORMtO,.OSD}   SXSSRIBtTCXO 

Wu&foer of values:  20 
table assumed to start  at   C0fU) - 

(c) Example of equivalent repair crack distribution data 

VS K/SIGMA- A/T/C AIRCRAFT. INNER LOWER WIN© LOCATIOI 
1.5 

0.2 0.4 
eta ck size 

A-vs-K/Siga.« fil«; 
gil«ixame: gee.dat 
a VS K/SIGKA-.- A/T/C AIRCRAFT, INNER LOWER WING 

Number of values:. 41 
table assumed to. start'at (DrO) 

(d) Example of geometry data file 

Figure A-24. Sample View Output for Different Data Files 
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Appendix B 
Numerical Methods in PROF 

This appendix documents the numerical methods used in PROF and discusses some of 

the tests that were used to validate the calculations. 

B.l    Probability of Fracture 

Fracture occurs when an applied stress produces a stress intensity that exceeds the 

fracture toughness for the cracked detail, that is, when 

a>ac=     *< (Bl) 
yjTtaß{ä) 

where a is the crack size, Kc is the fracture toughness of the material and ß (a) is a geometry 

dependent factor. The probability of fracture (POF) is calculated as 

POF = P{<7max><7cr} (B2) 

The defining relationship between stress intensity factor, stress, and crack size is expressed as 

^ = Äj8(a) (B3) 

PROF obtains Kla versus a as an input table. 

The probability of fracture (POF) calculation is performed through a double integral 

across crack size and fracture toughness 

POF = £ f(a)[ g{Kc)HM^Kc))iKcda + [l-F(aJ] (B4) 

where f(a) is the crack-size probability density function, g(Kc) is the fracture-toughness 

probability density function, H(c) = \-H(a) is the exceedance probability distribution function 

for the peak stress in a single flight, and ac{a,Kc) is the critical stress for the given crack size 

and fracture toughness. 
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A normal probability density function is used to model g(Kc) 

1 (   (x-uY^ g(x) = dnorm(x, fi, a) = —p=exp r- 
2a2 

(B5) 

Gumbel type 1 distribution is used to model the distribution of the maximum stress per 

flight and is given by 

P{amiX>a}=H(a) = l-cxV 
(      ( <J-B\\ 
-exp 

V A 

where A and B are parameters that must be supplied by the user. 

(B6) 

The probability of fracture can be simplified to 

POF = £ /(a) POF(a)ia + [l - F{ac)] (B7) 

where POF(a) is the probability of fracture for a specified crack size, given by 

POF(a)=[g(Kc)H((7c(a,Kc)}iKc (B8) 

In the case of residual-strength data, the probability of fracture as a function of crack size is 

given by 

POF(a) = £(cr») (B9) 

where or(a) is the residual strength of the cracked detail as a function of crack size. 

Equation B7 is the analytical formula for determining POF. However, the numerical 

evaluation of Equation B7 is susceptible to inaccuracies because f(a) must be determined from 

a table of values of the cumulative distribution function F(a) rather than from an explicit 

mathematical formula. A better numerical approach is to apply a change of variables that will 

use F(a) rather than /(a). This is accomplished by using the fact that if u is a uniform random 

variable on the interval (0, 1) then x = F~\u) has the distribution function F(x). Equation B-7 

can then be written as 

POF = £ POF(F-' («)>« + [l - F(a)] (BIO) 

This version of Equation B-7 eliminates the need to use the inaccurate numerical determination 

of /(a) from F(a). 
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B.2    Calculating Probability of Failure versus Crack Size 

PROF calculates the probability of failure POF(a) using a Gauss-Hermite integration 

method. Gauss-Hermite quadrature was developed for integrals involving the normal probability 

density function. 

PROFv2 allows this function to be calculated and plotted directly. This allows us to 

compare the results with those obtained by analytic methods. 

For example, the following model for KJa was used to generate a table of input values for 

PROF and in analytic calculations 

K      I—o/ \ V7zäsec(7ra/2) 
— = ^7taß(a)=    ,       T (B11) 
a 1.5-1.1708 exp(-4.914a) 

The difference between these two methods is that PROF uses interpolation to find inter- 

mediate input values for K/a, whereas an analytic calculation uses a formula to find intermediate 

values. In both cases, numerical integration techniques are employed. However, the numerical 

methods used by the mathematical software (MathCAD, for the validation calculations in this 

instance) may be different than those used by PROF. Note that the method used by the 

mathematical software package is not necessarily superior to that used by PROF. A better check 

involves incorporating the analytic expression into PROF, so that the comparison is based solely 

on the integration technique. 
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B.3    Probability of Failure During Flight 

The current version of PROF calculates a single-flight detail probability of failure as the 

sum of the probability of fracture during the current flight plus the probability that the crack size 

exceeds the critical crack size ac just prior to the flight. 

Pf = £ f(a)FOF(a)da + [l-F(ac)] (B12) 

If the maximum crack size in the extended (growth) crack distribution table is less than the 

critical crack size, the probability of failure is the sum of the following terms: 

Interpolated region f"POF(F-l(u))du 

Extrapolated region fFcPOF(F_1(M))^ 

Extrapolated probability that crack exceeds 
critical size 

1-Fe 

where Fn is the last value in the crack distribution table and Fc is the extrapolated value of the 

cumulative crack distribution function at the critical crack size. 

If the maximum crack size in the extended (growth) crack size distribution table is greater 

than the critical crack size, Fc is interpolated rather than extrapolated, and the POF is the sum of 

the following terms: 

Interpolated region fc?OF(F-\u))du 

Interpolated probability that crack exceeds 
critical size 

1-^ 

PROF uses the following function to extrapolate beyond the last tabulated value Fn of 

the crack-size distribution table: 

F,(fl)=l-exp(-A(a-y)) (B13) 

This function is linear in a plot of the log exceedance probability, log(l -F(a)) versus crack length. 
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The calculation of the probability of fracture is performed incrementally, using the crack- 

size distribution function F(a), as 

POF^pPOFfF-1 («))*" (B14) 

using an adaptive Rhomberg quadrature method. A final step calculates the value from Fn toFc 

where FC=F~X (ac) and Fn is the value in the table less than Fc. 

B.4    Verification of Calculations 

This section describes some tests to verify the calculations performed by PROF, by com- 

paring the results to those obtained by the numerical methods in MathCAD. The assumed log- 

normal distribution function does not have linear behavior near the extrapolation region. To 

compare PROF results with those calculated using MathCAD, we must force PROF to avoid 

extrapolation. In the new version of PROF this can be done by continuing the tabulated 

distribution to the critical crack-size ac, because the new version uses this table as provided. The 

previous version of PROF resampled the input distribution prior to making calculations. This 

resampling effectly truncated the distribution table and reintroduced extrapolation. 

B.4.1   Example 1 

The first example is based on a median crack size fi = 0.0008. 

Table B-l shows a table of the incremental contributions to the probability of fracture. 

PROF skips the Rhomberg quadrature when POF(a) at the end of the increment is less than 10"15. 

Notice how large F{a) is before there is a contribution to the probability of fracture. This point 

corresponds to a crack size of about 0.01. The number of evals is a count of function evaluations 

for the Rhomberg integration. 
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Table B-l. Example 1: Details of the Calculation of the Probability of Failure 

F(a) evals subtotal total 

0.990000000000 42 6.203554e-018 6.203554e-018 

0.992000000000 18 1.530229e-016 1.592265e-016 

0.994000000000 18 7.736282e-015 7.895509e-015 

0.996000000000 77 1.527556e-013 1.606511e-013 

0.998000000000 18 8.723695e-013 1.033021e-012 

0.999000000000 18 3.870302e-012 4.903323e-012 

0.999200000000 6 3.132779e-012 8.036102e-012 

0.999400000000 58 6.581122e-012 1.461722e-011 

0.999600000000 6 1.181790e-011 2.643512e-011 

0.999800000000 10 3.018542e-011 5.662054e-011 

0.999900000000 10 4.169218e-011 9.831273e-011 

0.999996097620 113 1.582158e-010 2.565286e-010 

0.999999840728 38 2.894822e-011 2.854768e-010 

0.999999979613 26 7.591650e-012 2.930684e-010 

0.999999995636 26 9.931910e-012 3.030003e-010 

0.999999998741 18 2.637277e-011 3.293731e-010 

1.000000000000 1.259000e-009 1.588373e-009 

probability of  failure =  1.588373e-009 

PROF generates a short summary of these results, Table B-2: 

Table B-2. Example 1: Summary of Results 

F(a)   evals    percent subtotal 

1.00000        502       20.737 

1.00000                      79.263 

3.293731e-010 

1.259000e-009 

probability of  failure = 1.588373e-009 

The first row is the probability of fracture (with an associated evaluation count). The second row 

is the probability that ac was exceeded at the start of the flight. The percent column shows the 

total contribution of each term to the final probability of failure. 
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The final probability corresponds to that obtained with a MathCAD calculation. To illus- 

trate the importance of the tail region in this example, we truncated the initial crack distribution 

table at F(a) of 0.9999 (corresponding to a = 0.0444). The difference in the resulting calculation, 

Table B-3, can be attributed to extrapolation error for a log-normal model. 

Table B-3. Example 1: Comparison of Failure Probabilities 
for Crack Size Distribution Extrapolation 

Description 

Crack size distribution table extended to a = 0.5 

Crack size distribution table truncated at 
F(a)=0.9999 

Calculated Probability of Failure 

1.58837e-09 

2.36851e-10 

This exercise demonstrates the effect of the tail region on the final results. Note that 

although the absolute results are sensitive to the assumptions made about the tail region, the 

relative results obtained in parametric studies may be less sensitive to the behavior in the tail 

region. In any case, the extrapolation method used by PROF may be avoided by extending the 

tabulated distribution function to larger crack sizes. 

B.4.2   Example 2 

The second example is based on a median crack size of 0.005 and represents a hypo- 

thetical growth of an initial crack distribution (example 1) over a time of 3800 hours. 

A summary of the results is shown in Table B-4. A detailed table of results is shown in 

Table B-5. 

Table B-4. Example 2: Summary of Results 

F(a) evals percent subtotal 

1.00000 

1.00000 

557 2.384  2.452650e-007 

97.616  1.004474e-005 

probability of failure = 1.029000e-005 
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Figure B-5. Example 2: Details of the Calculation of the Probability of Failure 

F(a)   evals subtotal total 

0.80000 34 4.256965e-013 4.256965e-013 

0.85000 94 7.130495e-012 7.556192e-012 

0.90000 10 6.201949e-011 6.957568e-011 

0.95000 65 1.557306e-009 1.626881e-009 

0.97500 75 5.581802e-009 7.208683e-009 

0.98000 6 2.858829e-009 1.006751e-008 

0.99000 10 1.167660e-008 2.174411e-008 

0.99200 49 4.015875e-009 2.575999e-008 

0.99400 28 5.014769e-009 3.077476e-008 

0.99600 6 6.530056e-009 3.730481e-008 

0.99800 40 9.221079e-009 4.652589e-008 

0.99900 10 6.986390e-009 5.351228e-008 

0.99920 44 1.901435e-009 5.541372e-008 

0.99940 10 2.296068e-009 5.770979e-008 

0.99960 10 3.066090e-009 6.077588e-008 

0.99980 10 5.356070e-009 6.613195e-008 

0.99990 10 6.729175e-009 7.286112e-008 

0.99992 10 3.743473e-009 7.660459e-008 

0.99998 18 3.398123e-008 1.105858e-007 

0.99999 18 1.346792e-007 2.452650e-007 
1.00000 1.004474e-005 1.029000e-005 

probability of failure  =  1.029000e-005 

The probability of failure was calculated four different ways, as shown in Table B-6. 

Table B-6. Example 2: Comparison of Failure Probabilities 
for Crack Size Distribution in Extrapolations 

Distribution extended 
to a = ac 

Distribution truncated 
at 0.9999 

Size distribution calculated for \i = 0.005 1.0209e-05 4.47983e-06 

Size distribution grown from \i = 0.0008 1.2824e-05 4.47983e-06 
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The first results row used a size distribution calculated directly for a median crack size 

U. = 0.005. The value obtained when the crack size distribution is extended to the critical crack 

size matches that obtained using a MathCAD calculation. The second results row used an initial 

crack size distribution for a median crack size u, = 0.0008. This was projected to a time for 3800 

hours, corresponding to exponential growth. The final median crack size after the growth 

projection was u\ = 0.005. The difference between the two values in the first results column can 

be attributed to differences in table interpolation for F(ac). In the second results column, the 

same probability of failure was obtained for both rows. In both cases, the value at F(ac) was 

extrapolated and accounted for most of the contribution to the probability of failure. 

B.4.3   Example 3 

Example 3 is the PROF sample problem. A summary of the probability of failure calcula- 

tion at time 0 is show in Table B-7: 

Table B-7. Example 3: Summary of Results 

time = 0 
a_critical = 0.5 
last tabulated a = 0.045 (F(a) = 0.9999) 
1-F(a_critical) extrapolated =  0 

F(a) evals  percent      subtotal 
0.99811   235    29.406  4.359658e-011 

1.00000   163    70.587  1.046279e-010 

probability of failure =  1,482245e-010 

The PROF output divides the calculation into two parts, an interpolated region (above the 

dashed line) and an extrapolated region (below the line). In this example, there is no contribution 

due to exceeding ac prior to the flight. The results for other versions of PROF are show below: 

New version 1.483e-10 

WinProf 4.439e-10 

Original PROF       1.999e-10 
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The results for the original PROF were taken from WL-TR-91-3066 (Volume 1), page 55. 

This example demonstrates that the changes in calculations did not significantly affect the results 

obtained for the example problem. 

B.5    Inspection and Repair Calculations 

At the end of a usage interval, the crack size distribution is modified to reflect mainte- 

nance actions. The crack size distribution changes during maintenance because detected cracks are 

repaired. Repaired details are modeled by a distribution function of equivalent initial crack sizes 

that reflect the quality of repairs. 

The inspection process involves determining the proportion P of cracks that are found 

during inspection, given by 

P = r?OD(a)f(a)da (B15) 
JO 

where POD(a) is the probability of detecting a crack of size a, and f(a) is the crack size 

density function just prior to maintenance. 

We also need intermediate values of this function, namely the probability of finding a 

crack smaller than a. We define P{a) as 

P{a)=\aP0D{a)f{a)ia (B16) 
JO 

The calculation of P(a) is actually performed incrementally, using the crack-size distribution 

function F(a), as 

Pt(a)= T POD(F
_I(ujjtlu (B17) 

The integration is done using Simpson's method with a fixed number of panels. 

The tabulated distribution function is extrapolated from the last tabulated value Fn using 

Fe(fl)=l-exp(-A(fl-y)) (B18) 

The integral over the extrapolation region 

Pe{a)=[?OD{a)f(a)da (B19) 

is calculated using the Laguerre method. 
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Repair quality is expressed in terms of the equivalent repair crack size distribution fR(a). 

If ftefonia) and /after (a) represent the density function of crack sizes in the population of 

structural details before and after a maintenance action, then 

/*r (*) = P ■ f*(«) + & " PO°( a)\ fMore (a) (B20) 

where P is the fractional proportion of cracks that will be detected by the inspection. The post 

maintenance crack size is then projected forward for the next interval of uninspected usage. 

B.6    Procedure for Inspection and Repair Calculations 

The cumulative distribution function of the crack size after repair is given by: 

F^(a) = P-FR{a) + F^ (a) - P(a) (B21) 

where 

P(a) = fQPOD(a)fbefote(a)da (B22) 

Calculation of Fafter(a) proceeds as follows: 

1. Construct a table that contains all the crack sizes in both the current crack size distribution 

and the equivalent repair crack size distribution tables. 

2. For each point in the current crack size distribution, calculate 

F'(ai) = Fbcfon(ai)-P(ai) (B23) 

where P{at) is calculated incrementally as 

P(ai) = Pi(a)+P(ai.l) C624) 

3. For each point in the combined table of crack sizes, calculate 

F^,(ai) = P-FR(a,)+F'(al) (B25) 

4. At this point the cumulative probabilities of Fafter(a) do not correspond to those in the 

original crack-size distribution table. Interpolate the inverse table to calculate crack sizes 

corresponding to the original crack-size distribution values. 

B-ll 


